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Devwudfw= Zkhq dqdo|vlqj pdfur hfrqrplf gdwd lw lv riwhq ri uhohydqfh wr doorz
iru vwuxfwxudo euhdnv lq wkh vwdwlvwlfdo dqdo|vlv1 Lq sduwlfxodu frlqwhjudwlrq dqdo|vlv
lq wkh suhvhqfh ri vwuxfwxudo euhdnv frxog eh ri lqwhuhvw1 Wr gr wklv d yhfwru
dxwruhjuhvvlyh prgho lv sursrvhg zlwk nqrzq euhdn srlqwv lq wkh vwuxfwxudo euhdnv1
Zlwklq wklv prgho lw lv srvvleoh wr whvw frlqwhjudwlrq udqn/ uhvwulfwlrqv rq wkh
frlqwhjudwlqj yhfwru dv zhoo dv uhvwulfwlrqv rq iru lqvwdqfh wkh vorshv ri eurnhq
olqhdu wuhqg1
41 Lqwurgxfwlrq
Lq wkh dqdo|vlv ri hfrqrplf wlph vhulhv lw lv riwhq qhfhvvdu| wr lqfoxgh gxpplhv
uhsuhvhqwlqj euhdnv lq wkh ghwhuplqlvwlf frpsrqhqwv1 Zkhq doorzlqj iru euhdnv
wkh wlplqj lv lpsruwdqw/ wklv frxog hlwkhu eh nqrzq lq dgydqfh ru dq dojrulwkp
vhdufklqj iru euhdnv frxog eh dssolhg1 Zkloh erwk lvvxhv duh glvfxvvhg lq wkh
olwhudwxuh dqg pdlqo| lq d xqlyduldwh vhwwlqj/ wklv sdshu irfxvhv rq frlqwhjudwlrq
dqdo|vlv lq d pxowlyduldwh vhwwlqj lq wkh suhvhqfh ri euhdnv dw nqrzq srlqwv lq wlph1
4Frpphqwv iurp Pduld Fulvwlqd Ohdol/ Jud}ldqr Yljdqı dqg Dqghuv Udkehn duh judwhixoo|
dfnqrzohgjhg1 Wklv sdshu uhsodfhv d pdqxvfulsw e| Mrkdqvhq dqg Qlhovhq iurp 4<<6 zlwk wkh
wlwoh cDv|pswrwlfv iru frlqwhjudwlrq udqn whvwv lq wkh suhvhqfh ri lqwhuyhqwlrq gxpplhv 0 pdqxdo
iru wkh vlpxodwlrq surjudp GlvFr*1
4Wkh vxjjhvwhg dssurdfk lv d voljkw jhqhudolvdwlrq ri wkh olnholkrrg0edvhg frlqwhjud0
wlrq dqdo|vlv lq yhfwru dxwruhjuhvvlyh prghov vxjjhvwhg e| Mrkdqvhq +4<;;/ 4<<9,1
Wkhuh duh rqo| ihz frqfhswxdo glhuhqfhv dqg wkh pdmru lvvxh iru wkh sudfwlwlrqhu
lv wkdw qhz dv|pswrwlf wdeohv duh qhhghg1
Vwuxfwxudo euhdnv kdyh ehhq glvfxvvhg lqwhqvho| lq wkh frqwh{w ri xqlyduldwh
dxwruhjuhvvlyh wlph vhulhv zlwk d xqlw urrw1 Dq lpsruwdqw qglqj lv wkdw d wlph
vhulhv jlyhq e| vwdwlrqdu|  xfwxdwlrqv durxqg d eurnhq frqvwdqw ohyho lv ehwwhu gh0
vfulehg e| d udqgrp zdon wkdq d vwdwlrqdu| wlph vhulhv/ vhh Shuurq +4<;</ 4<<3,
dqg Udssrsruw dqg Uhlfkolq +4<;<,1 Dgguhvvlqj wklv lvvxh/ wkhvh dxwkruv vxj0
jhvwhg ydulrxv xqlyduldwh prghov doorzlqj iru euhdnv lq wkh ghwhuplqlvwlf whup1 Lq
sduwlfxodu/ Shuurq +4<;<, vxjjhvwhg wkuhh prghov= +D, cfudvk prgho* zlwk fkdqjh
lq lqwhufhsw exw xqdhfwhg vorsh ri wkh olqhdu wuhqg/ +E, cfkdqjlqj jurzwk prgho*
zlwk qr fkdqjh lq lqwhufhsw exw fkdqjlqj vorsh ri wuhqg ixqfwlrq/ dqg +F, zkhuh
erwk lqwhufhsw dqg vorsh duh fkdqjhg dw wkh wlph ri wkh euhdn1 Wkh prgho suh0
vhqwhg khuh jhqhudolvhv prgho +F, dqg doorzv iru whvwlqj k|srwkhvhv fruuhvsrqglqj
wr prgho +D,1
D uhodwhg frqfhuq lq hfrqrphwulfv prghov lv sdudphwhu vwdelolw| zklfk lv lq0
yhvwljdwhg e| phwkrgv uhodwhg wr wkrvh iru nqrzq euhdn srlqwv1 Wkhvh phwkrgv
w|slfdoo| doorz iru vwuxfwxudo euhdnv dw xqnqrzq wlphv/ dqg kdyh ehhq glvfxvvhg
iru lqvwdqfh lq wkh vshfldo lvvxhv ri wkh Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlv0
wlfv/ yroxph 43/ 4<<3 dqg wkh Mrxuqdo ri Hfrqrphwulfv/ yroxph :3/ 4<<91 Pruh
uhfhqwo| d whvw ri wklv w|sh kdv ehhq vxjjhvwhg e| Lqrxh +4<<<, lq frqqhfwlrq zlwk
frlqwhjudwlrq whvwlqj lq d yhfwru dxwruhjuhvvlyh vhwwlqj1 Zkloh wkrvh dxwkruv dqg
dovr wklv sdshu duh frqfhuqhg zlwk euhdnv lq wkh ghwhuplqlvwlf whupv vrph surfh0
gxuhv iru dqdo|vlqj euhdnv lq wkh frlqwhjudwlrq sdudphwhu kdyh ehhq suhvhqwhg e|
Nxr +4<<;,/ Vhr +4<<;, dqg Kdqvhq dqg Mrkdqvhq +4<<<,1
Wkh dssurdfk wdnhq khuh lv wr dqdo|vh frlqwhjudwlrq lq d Jdxvvldq yhfwru dx0
wruhjuhvvlyh prgho zlwk d eurnhq olqhdu wuhqg zlwk nqrzq euhdn srlqwv1 Olnholkrrg
dqdo|vlv ri frlqwhjudwlrq lv wkhq jlyhq lq whupv ri uhgxfhg udqn uhjuhvvlrq/ d frp0
elqdwlrq ri ohdvw vtxduhv uhjuhvvlrq dqdo|vlv dqg fdqrqlfdo fruuhodwlrq dqdo|vlv1
Wkh prgho dqg wkh udqn k|srwkhvlv lv glvfxvvhg lq Vhfwlrq 51 Vhfwlrq 6 suhvhqwv
whvwv iru frlqwhjudwlrq udqn iru prghov zlwk eurnhq wuhqg/ eurnhq ohyho dqg rxw0
olhu gxpplhv1 Wkh dv|pswrwlf glvwulexwlrqv kdyh ehhq vlpxodwhg dqg wkh uhvxowv
ghvfulehg e| uhvsrqvh vxuidfh dqdo|vlv1 Qh{w/ lq Vhfwlrq 7 ydulrxv whvwv iru olqhdu
u h v w u l f w l r q vr qw k hv o r s h vi r uw k he u r n h qw u h q gd u hj l y h q 1P r v wr iw k h v hw h v w vd u hd v 0
|pswrwlfdoo| 2 glvwulexwhg1 Lq Vhfwlrq 8 wkh vxjjhvwhg surfhgxuhv duh looxvwudwhg
xvlqj gdwd iru sxufkdvlqj srzhu sdulw| ehwzhhq Lwdo| dqg Jhupdq|1
5Wkurxjkrxw wkh sdshu wkh iroorzlqj qrwdwlrqdo frqyhqwlrq lv xvhg1 Iru d pd0
wul{/ @c zlwk ixoo froxpq udqn ohw @ ' @E@￿@3￿ Ixuwkhu/ ohw @z vdwlvi| @￿
z@ 'f
dqg kdyh wkh surshuw| wkdw E@c@z kdv ixoo udqn1
51 Wkh Prgho
Wklv vhfwlrq ghqhv wkh vwdwlvwlfdo prgho1 Wkh revhuyhg wlph vhulhv lv ghqrwhg f|c
| ' ccA dqg glylghg lqwr vxe0vdpsohv dffruglqj wr wkh srvlwlrq ri wkh euhdn
srlqwv1 Iru hdfk vxe0vdpsoh d yhfwru dxwruhjuhvvlyh prgho lv fkrvhq/ vr wkdw wkh
sdudphwhuv ri wkh vwrfkdvwlf frpsrqhqwv duh wkh vdph iru doo vxe0vdpsohv/ zkloh
wkh ghwhuplqlvwlf wuhqg pd| fkdqjh ehwzhhq vxe0vdpsohv/ vr wkdw wkh surfhvv fdq
kdyh euhdnv1 Lq wkdw fdvh wkh surfhvv fdq eh jlyhq udwkhu vlpsoh uhsuhvhqwdwlrqv
dqg lqwhusuhwdwlrqv lq hdfk shulrg dqg vwdwlvwlfdo dqdo|vlv dnlq wr wkdw ri wkh xvxdo
yhfwru dxwruhjuhvvlyh prghov1
5141 Irupxodwlrq ri prgho dqg udqn k|srwkhvlv
Wkh prgho doorz iru dq| suh0vshflhg qxpehu ri vdpsoh shulrgv/ ^ vd|/ ri ohqjwk
A￿  A￿3￿ iru  ' cc^ dqg f'Af 	A ￿ 	A 2 	  	A ^ ' A1L w i r o o r z v
wkdw wkh odvw revhuydwlrq lq wkh 0wk vdpsoh lv A￿ dqg/ frqvhtxhqwo|/ A￿ nlv wkh
uvw revhuydwlrq lq vdpsoh shulrg qxpehu E n   D yhfwru dxwruhjuhvvlyh prgho
ri rughu & lv frqvlghuhg1 Lq dqdorj| zlwk wkh xvxdo prghov zlwkrxw vwuxfwxudo
euhdnv wkh prgho lv irupxodwhg frqglwlrqdoo| rq wkh uvw & revhuydwlrqv ri hdfk
vxe0vdpsoh/ wkdw lv fA￿3￿n￿ccf A￿3￿n& d q gl wl vj l y h qe |w k hh t x d w l r q v








K￿{f|3￿ n 0| +514,
iru  ' cc^ dqg A￿3￿ n &	| A￿ Wkh lqqrydwlrqv duh dvvxphg wr eh
lqghshqghqwo|/ lghqwlfdoo| qrupdo glvwulexwhg zlwk phdq }hur dqg yduldqfh l Wkh
sdudphwhuv ydu| iuhho|/ vr wkdw cK￿cl zklfk uhodwh wr wkh vwrfkdvwlf frpsrqhqw
r iw k hw l p hv h u l h vd u hw k hv d p hl qd o ov x e 0 v d p s o h vd q gr ig l p h q v l r q+ R  R,z l w k
l ehlqj v|pphwulf dqg srvlwlyh ghqlwh/ zkloh wkh R0yhfwruv ￿c> ￿ uhodwh wr wkh
ghwhuplqlvwlf frpsrqhqw dqg wkh| frxog eh glhuhqw lq glhuhqw vdpsoh shulrgv1
D frlqwhjudwlrq k|srwkhvlv fdq eh irupxodwhg lq whupv ri wkh udqn ri hlwkhu
 dorqh ru lq frqmxqfwlrq zlwk ￿cc^ Wkh odwwhu jlyhv qlfhu lqwhusuhwdwlrqv
6dqg vrph dgydqwdjhrxv vlplodulw| surshuwlhv dqg duh jlyhq e|















zkhuh wkh sdudphwhuv ydu| iuhho| vr wkdw kcq duh ri glphqvlrq +R  o,d q g￿
lv ri glphqvlrq +  o,1 Wkh qrwdwlrq M, lqglfdwhv wkdw lq hdfk vxe0vdpsoh wkh
ghwhuplqlvwlf frpsrqhqw lv olqhdu erwk iru qrq0vwdwlrqdu| dqg frlqwhjudwlqj uhod0
wlrqv1 Wklv ihdwxuh zloo ehfrph hylghqw iurp wkh Judqjhu uhsuhvhqwdwlrq ehorz1
D uhodwhg k|srwkhvlv dulvhv lq fdvh ri qr olqhdu wuhqg exw d eurnhq frqvwdqw ohyho/




 o dqg ￿cc^ 'f 
Dv dq dowhuqdwlyh wr wkh prghov M, dqg MS d udqn k|srwkhvlv frxog eh irupxodwhg
iru  dorqh/
M,SEo=u d q n   oc dqg ￿cc^ 'f 
Lq whupv ri qhvwlqj wklv k|srwkhvlv lv uhodwhg wr wkh suhylrxv dv MSEo  M,SEo 
M,Eo Krzhyhu/ d k|srwkhvlv ri wkh w|sh M,S lv ohvv dwwudfwlyh iru wzr uhdvrqv1
Iluvw/ dv lqglfdwhg e| wkh vxe0lqgh{/ wkh k|srwkhvlv M,S lpsolhv wkdw wkh frpprq
wuhqgv kdyh d eurnhq olqhdu wuhqg zkloh wkh frlqwhjudwlqj uhodwlrq kdv d eurnhq
frqvwdqw ohyho1 Wkxv/ wkh k|srwkhvlv txhvwlrqv erwk wkh vwrfkdvwlf dqg wkh ghwhu0
plqlvwlf ehkdylrxu ri wkh surfhvv1 Lq frqwudvw/ e| fkrrvlqj M, wkh ghwhuplqlvwlf
ehkdylrxu lv qrw txhvwlrqhg lq wkh udqn ghwhuplqdwlrq1 Vhfrqgo|/ lq Vhfwlrq 616
lw zloo eh ghprqvwudwhg wkdw wkh dv|pswrwlf dqdo|vlv lv khdylo| exughqhg zlwk
qxlvdqfh sdudphwhuv1 Wkhvh lvvxhv duh glvfxvvhg lq ixuwkhu ghwdlo e| Qlhovhq dqg
Udkehn +5333,1
5151 Dqrwkhu irupxodwlrq
Wkh deryh ghvfulswlrq lqyroyhv zulwlqj ^ prgho htxdwlrqv ri wkh w|sh +514,1 Lq
r u g h uw rz u l w hw k h v hd vr q hh t x d w l r qz k l f kl vp r u hf r q i r u p d e o hz l w kv w d q g d u g
hfrqrphwulf frpsxwhu sdfndjhv vrph gxpp| yduldeohv duh lqwurgxfhg1 Ohw
(￿c| '

 iru | ' A￿3￿c
f rwkhuzlvh/  ' cc^( | ' ccfccc







 iru A￿3￿ n & n |  A￿c
f rwkhuzlvh/
lv wkh hhfwlyh vdpsoh ri wkh 0wk shulrg1 Lw lv frqyhqlhqw wr jdwkhu wkh vdpsoh
gxpplhv dqg wkh guliw sdudphwhuv iru wkh glhuhqw vdpsoh shulrgv=

































V￿c￿(￿c|3￿ n 0|c +515,
zkhuh wkh gxpp| sdudphwhuv V￿c￿ duh R0yhfwruv dqg wkh revhuydwlrqv f￿ccf &
duh khog {hg dv lqlwldo revhuydwlrqv1 Qrwh/ wkdw wkh gxpp| yduldeohv (￿c|3￿cc( ￿c|3&
fruuhvsrqgv wr wkh revhuydwlrqv fA￿n￿ccf A￿n& zklfk duh khog {hg deryh1
5161 Lqwhusuhwdwlrq
D surfhvv vdwlvi|lqj wkh k|srwkhvlv M,Eo fdq eh lqwhusuhwhg xvlqj Judqjhu*v uhs0
uhvhqwdwlrq wkhruhp1 Wkdw lv/ d olqhdu frpelqdwlrq ri wkh surfhvv/ jlyhq e| qc
frlqwhjudwhv zkloh wkh surfhvv h{klelwv d olqhdu wuhqg lq hdfk ri wkh vxe0vdpsohv1
Dv xvxdo lw lv qhfhvvdu| wr dvvxph wkdw wkh surfhvv dfwxdoo| lv dq L+4, surfhvv1
Dvvxpswlrq 41 Dvvxph wkdw wkh urrwv ri wkh fkdudfwhulvwlf sro|qrpldo/




K￿ E  55
￿c
duh rxwvlgh wkh frpsoh{ xqlw flufoh ru dw 4 dqg wkdw wkh pdwulfhv k/q kdyh ixoo
froxpq udqn o Ixuwkhu/ ghqh ['UR 
S&3￿





8Wkh Wkhruhp 715 ri Mrkdqvhq +4<<9, fdq eh jhqhudolvhg dv iroorzv1
Wkhruhp 5141 Judqjhu*v Uhsuhvhqwdwlrq Wkhruhp1 Vxssrvh Dvvxpswlrq 4 lv
vdwlvhg1 Wkhq/ iru hdfk shulrg wkh lqlwldo ydoxhv fA￿3￿n￿ccf A￿3￿n& fdq eh
jlyhq d glvwulexwlrq vxfk wkdw q
￿f|n￿
￿| dqg {f| duh vwdwlrqdu| surfhvvhv dqg doo




0￿ n t￿c| n Sc￿ n ,c￿| +517,




t￿c| duh vwdwlrqdu|/ lghqwlfdoo| glvwulexwhg dqg kdyh }hur h{shfwdwlrq1 Wkh vorsh
sdudphwhuv/ ,c￿ fdq eh h{suhvvhg dv
,c￿ ' >￿ nE [  URq
￿
￿c
zkhuhdv wkh ohyho frh!flhqw Sc￿ ghshqgv rq lqlwldo ydoxhv lq vxfk d zd| wkdw q
￿Sc￿
lv dq lghqwlhg ixqfwlrq ri wkh sdudphwhuvG
q
￿Sc￿ ' k
￿ E[  UR>￿ n k





Qrwh/ wkdw iru hdfk vdpsoh shulrg wkh surfhvv q
￿f| n |￿.| lv d vwdwlrqdu|
surfhvv dqg khqfh lw kdv qr wuhqglqj ehkdylrxu1 Ixuwkhu/ wkh surfhvv k￿
z[f| lv
d frpelqdwlrq ri d udqgrp zdon/ d olqhdu wuhqg zlwk vorsh k￿
z>￿ dv zhoo dv d
vwdwlrqdu| frpsrqhqw1
Wkh uhsuhvhqwdwlrq vkrzv wkdw lq hdfk vxe0vdpsoh doo olqhdu frpelqdwlrqv ri
wkh surfhvv h{klelw d olqhdu wuhqg/ zklfk jhqhudolvhv wkh prgho +F, vxjjhvwhg
e| Shuurq +4<;<,1 Whvwv iru olqhdu uhvwulfwlrqv rq wkh vorsh sdudphwhu , duh
glvfxvvhg lq Vhfwlrq 71 Wkh Judqjhu Uhsuhvhqwdwlrq vkrzv wkdw wkh vorsh iru wkh
frlqwhjudwlqj yhfwru/ q
￿, ' ￿c kdv wr eh wuhdwhg vhsdudwho| iurp wkh vorsh ri
wkh frpprq wuhqg/ k￿
z[, ' k￿
z> Dq h{dpsoh lv wkh wzr shulrg prgho/ ^ '2 c
zlwk frpprq vorshv/ ,c￿ ' ,c2/ zklfk fruuhvsrqgv wr Shuurq*v prgho +D,1 Lq





￿Cz 'f ru  ' C) +518,








9iru wkh frpprq wuhqgv1 Khuh C dqg  duh nqrzq pdwulfhv ri glphqvlrq E^  }
dqg E^  6c uhvshfwlyho|/ zlwk }c6 	 ^ dqg ixoo froxpq udqn1 Lq sduwlfxodu




D pruh vxewoh txhvwlrq lv krz wkh wudqvlwlrq kdsshqv iurp rqh vdpsoh shulrg
wr wkh qh{w1 Wkh vxjjhvwhg frqglwlrqlqj rq & ru pruh lqlwldo ydoxhv lq hdfk
shulrg doorzv iru juhdw  h{lelolw| dqg wkhvh wudqvlwlrq shulrgv fdq eh h{whqghg li
qhfhvvdu|1 Dq dowhuqdwlyh dssurdfk zrxog eh wr xvh d vshflf wudqvlwlrq ixqfwlrq
ri vrph nlqg1 Vxssrvh lw lv ri lqwhuhvw wr prgho dq lqvwdqwdqhrxv euhdn1 Xvlqj
dq xqrevhuyhg frpsrqhqwv irupxodwlrq rqh frxog wkhq zulwh
f| ' Sc￿E|$A￿￿ n Sc2E|:A￿￿ n ~|c
{~| ' kq
￿~|3￿ n 0|
vxfk wkdw iru 2  |  Ac
{f| ' kq
￿ 
f|3￿  Sc￿E|3￿$A￿￿  Sc2E|3￿:A￿￿

nSc￿{E|$A￿￿nSc2{E|:A￿￿n0|
Xvlqj wkh ghqlwlrqv ri (￿c| dqg .￿c|c lq sduwlfxodu wkdw (2c| ' E|’A￿￿/ .￿c| ' E|$A￿￿
dqg .2c| ' E|DA￿n2￿c lw iroorzv wkdw
{f| ' kq
￿ Ef|3￿  Sc￿.￿c|  Sc2.2c|niSc2  EUR n kq
￿Sc￿j(2c|3￿ n 0|









n V2c￿(2c|3￿ n 0|
zlwk ￿
￿ ' q
￿Sc￿c iru  ' c2c dqg V2c￿ ' Sc2EURnkq
￿Sc￿ zklfk duh uhvwulfwhg
dv
q






Wklv uhvwulfwlrq rq V2c￿ lv uhodwhg wr rqo| rqh revhuydwlrq dqg lv wkhuhiruh gl!fxow
wr whvw1 Iru prghov ri kljkhu rughu wkh frqglwlrqv iru d lqvwdqwdqhrxv euhdnv
zrxog vlploduo| lqyroyh doo wudqvlwlrq sdudphwhuv V￿c￿ Wklv lvvxh lv glvfxvvhg lq
ixuwkhu ghwdlo iru wkh xqlyduldwh fdvh e| Shuurq +4<<3,1
Dqrwkhu w|sh ri uhvwulfwlrq ri lqwhuhvw lv fr0euhdnlqj/ vhh Khqgu| +4<<:, ru
Fohphqwv dqg Khqgu| +4<<</ s1 57<0585,1 Fr0euhdnlqj k|srwkhvhv duh h{suhvvhg
lq whupv ri wkh h{shfwhg ydoxh ri wkh surfhvv/ dqg lq sduwlfxodu iru wkh frlqwhjudwlqj
:uhodwlrq/ q
￿f|c wklv lv ghqrwhg htxloleulxp phdq fr0euhdnlqj1 Iurp wkh Judqjhu*v
Uhsuhvhqwdwlrq Wkhruhp 514 wkh h{shfwdwlrq ri wkh frlqwhjudwlqj yhfwru lv irxqg
wr eh
q
￿ ES n ,|.| 'E q
￿S  
￿|.|
Li wkhuh h{lvw dq o0yhfwru / vxfk wkdw /￿q
￿, ' /￿￿ 'fwkhq wkh surfhvv lv
htxloleulxp phdq fr0euhdnlqj zlwk / dv d fr0euhdnlqj yhfwru1 Wkxv fr0euhdnlqj
lv d k|srwkhvlv uhodwhg wr wkh froxpq vsdfh ri ￿ ru urz vsdfh ri  Zkhq ^	o
ru zkhq wkh udqn ri  rwkhuzlvh lv vpdoohu wkdq o wkhq wkh surfhvv lv lqghhg
htxloleulxp phdq fr0euhdnlqj1 Lq wkdw fdvh wkhuh duh Eoudqn fr0euhdnlqj
uhodwlrqv jlyhq e| wkh iEoudqn  oj0pdwul{ z1 Wkh k|srwkhvlv irupxodwhg
lq +518,/  ' C)c uhodwhv wr wkh froxpq vsdfh ri  dqg khqfh lw lv qrw wkdw khosixo
lq qglqj fr0euhdnlqj yhfwruv1 Krzhyhu/ dq xsshu erxqg iru wkh udqn ri  dqg
wkhuhe| d orzhu erxqg iru wkh qxpehu ri fr0euhdnlqj yhfwruv lv irxqg1 Zkhq
} lv vpdoohu wkdq o wkhuh duh dw ohdvw Eo  } fr0euhdnlqj yhfwruv jlyhq e| wkh
io  Eoudqn)j0sdudphwhu E)￿z
61 Whvw iru Udqn
Wkh frlqwhjudwlrq udqn fdq eh whvwhg e| prgli|lqj wkh surfhgxuhv vxjjhvwhg e|
Mrkdqvhq +4<<9,1 Zkhuhdv wkh vwdwlvwlfdo dqdo|vlv lv kdugo| xqfkdqjhg wkh dv0
|pswrwlf uhvxowv duh uhodwhg exw glhuhqw1 Qhz dv|pswrwlf glvwulexwlrqv dulvh
zklfk duh uvw irupdoo| ghvfulehg iru wkuhh glhuhqw fdvhv= M,= uhgxfhg udqn ri
Ec￿cc^cM S= uhgxfhg udqn ri Ec> ￿cc> ^ dqg ￿cc^ 'f c dqg M,S=
uhgxfhg udqn ri  zkloh ￿cc^ 'f  W k hd q d o | v l vr iw k ho d w w h uk | s r w k h v l vl v
exughqhg zlwk qxlvdqfh sdudphwhuv dqg ohvv xvhixo wkdq wkh uvw wzr1 Prghov
zlwk rxwolhuv udwkhu wkdq euhdnv duh forvho| uhodwhg wr wkhvh dqg zloo eh dqdo|vhg
eulh |1 Ilqdoo|/ wkh dv|pswrwlf glvwulexwlrqv uhodwhg wr M, dqg MS duh ghvfulehg
e| uhvsrqvh vxuidfh dqdo|vlv zklfk fdq hdvlo| eh surjudpphg1
Iru wkh vxjjhvwhg prgho wkh olnholkrrg ixqfwlrq fdq eh pd{lplvhg xvlqj fdqrq0
lfdo fruuhodwlrq phwkrgv dv ghyhorshg e| Krwhoolqj +4<69,/ Eduwohww +4<6:,/ Dqghu0
vrq +4<84,/ dqg lpsohphqwhg lq frlqwhjudwlrq dqdo|vlv e| Mrkdqvhq +4<<9/ Vhfwlrq
9,1 Lq sduwlfxodu/ lq fdvh ri prgho M, lqihuhqfh lv edvhg rq vtxduhg vdpsoh fdqrq0














;zkhuh wkh qrwdwlrq lqglfdwhv wkdw {f| dqg wkh yhfwru ri f|3￿c|. | duh uvw fru0
uhfwhg iru uhpdlqlqj whupv lq wkh prgho dqg qh{w vdpsoh fdqrqlfdo fruuhodwlrqv
ri wkh uhvlgxdov duh irxqg1 Wkh olnholkrrg udwlr whvw vwdwlvwlf iru wkh k|srwkhvlv ri






  	 b￿

 +614,
Wkh dv|pswrwlf glvwulexwlrq ri wkh whvw vwdwlvwlf lv glvfxvvhg ehorz1
6141 Dv|pswrwlf glvwulexwlrq= d eurnhq olqhdu wuhqg
Lqihuhqfh vkrxog lghdoo| eh edvhg rq wkh h{dfw glvwulexwlrq ri wkh whvw vwdwlvwlf
+614,1 Xqiruwxqdwho| wklv lv qrw ihdvleoh vr vrph nlqg ri dv|pswrwlf glvwulexwlrq
dssur{lpdwlrq kdv wr eh pdgh1 Lq rughu wr hqvxuh d jrrg dssur{lpdwlrq wkh
euhdnv qhhg wr eh wuhdwhg zlwk fduh1 Wkh dssurdfk wdnhq khuh lv wkdw wkh uhodwlyh
euhdn srlqwv jlyhq e| ￿ ' A￿*A duh {hg zkloh dq dv|pswrwlf dujxphqw lq A lv
pdgh1
Iru wkh dv|pswrwlf uhvxowv wkh iroorzlqj qrwdwlrq lv frqyhqlhqw1 Dv ghqhg
deryh/ ohw ￿ ' A￿*A ghqrwh wkh uhodwlyh euhdn srlqwv vr wkdw f'f 	 ￿ 	 	
^ ' c dqg ohw {￿ ' ￿￿3￿ Ixuwkhu/ ghqh d ^0glphqvlrqdo yhfwru ri lqglfdwru
ixqfwlrqv iru wkh vdpsoh shulrgv/ e￿ ' icE￿3￿ 	 ￿cj￿ Wklv dulvhv dv
wkh olplw ri .A￿ dv A lqfuhdvhv1
Wkhruhp 6141 Vxssrvh K, Eo dqg Dvvxpswlrq 4 duh vdwlvhg1 Wkhq wkh dv|ps0

















dv A $4dqg iru {hg uhodwlyh euhdn srlqwv/ ￿1K h u h` l vdv w d q g d u gE u r z q l d q
prwlrq ri glphqvlrq ER  o dqg I lv d +R  o n ^0glphqvlrqdo surfhvv1 Iru wkh
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￿￿3￿ r_r iru l ' R  o n c
f rwkhuzlvh1
+616,
Wkh dv|pswrwlf glvwulexwlrq kdv ehhq vlpxodwhg dqg wkh uhvxowv dqdo|vhg e| d uh0
vsrqvh vxuidfh dqdo|vlv suhvhqwhg lq Vhfwlrq 6181
<Iru dqdo|wlf uhdvrqlqj dqg iru frpsxwhu vlpxodwlrqv lw lv frqyhqlhqw wr uhzulwh
wkh uhsuhvhqwdwlrq ri wkh glvwulexwlrq jlyhq e| +615,1 Wklv lv edvhg rq wzr lghdv1
Iluvw/ wkh glvwulexwlrq lv lqyduldqw zlwk uhvshfw wr olqhdu wudqvirupdwlrqv ri wkh
yhfwru surfhvv 8 Vr li wkh uvw ER  o frpsrqhqwv duh uhjuhvvhg rq wkh odvw ^
frpsrqhqwv wkh wudqviruphg yhuvlrq ri wkh pdwul{ E
U ￿
f 88￿_3￿ lv eorfn0gldjrqdo1
L wi r o o r z vw k d ww k hh { s u h v v l r q+ 6 1 5 ,f d qe hu h z u l w w h qd vw k hv x pr iw z rw h u p vz k l f k
gr qrw lqyroyh wkh ohyhov ri wkh Eurzqldq prwlrq/ vhh +617, ehorz1 Vhfrqgo|/ zkhq
orrnlqj dw d Eurzqldq prwlrq lq wzr ru pruh vxe0vdpsohv zkloh uhjuhvvlqj rq
wkh ohyho iru hdfk ri wkh vxe0vdpsohv/ wkhq wkh vxe0vdpsoh Eurzqldq prwlrqv duh
lqghshqghqw1 Wklv lv dovr uh hfwhg lq wkh uhsuhvhqwdwlrq +617, zklfk lqyroyhv ^
lqghshqghqw ER  o0glphqvlrqdo Eurzqldq prwlrqv1

































































zkhuh `E￿￿cc`E^￿ duh lqghshqghqw ERo0glphqvlrqdo vwdqgdug Eurzqldq pr0


























Iurp wkh vhfrqg uhsuhvhqwdwlrq ri wkh olplw glvwulexwlrq +617, lw lv vhhq wkdw wkh
dv|pswrwlf glvwulexwlrq rqo| ghshqgv rq wkh uhodwlyh ohqjwk ri wkh vdpsoh shulrgv/
qrw rq wkhlu rughulqj1 Iru lqvwdqfh/ lq fdvh ri rqh euhdn srlqw/ wkh dv|pswrwlf
glvwulexwlrq lv wkh vdph li A￿ ' A* dv li A￿ '2 A* Pruhryhu/ wkh uvw whup lq
+617, lv wkh wudfh ri d ER  o0glphqvlrqdo vtxduh pdwul{ zkloh wkh vhfrqg whup lv
43wkh vxp ri lqqhu surgxfwv ri ERo0glphqvlrqdo yhfwruv1 Wklv uh hfwv wkh ghjuhhv
ri iuhhgrp dulvlqj iurp wkh pdwul{  dqg wkh yhfwruv ￿/ uhvshfwlyho|1
Wklv uhsuhvhqwdwlrq dovr vkrzv dqrwkhu ihdwxuh ri wkh olplw glvwulexwlrq1 Ohw
(8^n￿E￿cc ^ ghqrwh wkh dv|pswrwlf lq fdvh ri ^ nvdpsoh shulrgv1 Zkhq
wkh ohqjwk ri rqh ri vdpsoh shulrgv whqgv wr }hur lw iroorzv wkdw
*4
{￿￿<f
(8^n￿E￿cc ^n￿'(8^E￿cc ￿3￿c ￿n￿cc ^n￿n
2 ER  oc +618,
zkhuh wkh (8^ dqg wkh 2 glvwulexwlrqv duh lqghshqghqw1 Wkh dgglwlrqdo 2 whup
dulvhv ehfdxvh wkh glphqvlrq ri wkh yhfwru Ef￿
|3￿c|.￿
| lv suhvhuyhg dowkrxjk rqh
ri wkh uhodwlyh vdpsoh ohqjwk ydqlvkhv/ dqg khqfh wkh glphqvlrq ri wkh uhvwulfwlrqv
lpsrvhg e| wkh udqn k|srwkhvlv lv xqdowhuhg1 Rq wkh rwkhu kdqg li wkh gxpplhv
zlwk wkh ydqlvklqj vdpsoh ohqjwk duh wdnhq rxw ri wkh vwdwlvwlfdo dqdo|vlv/ wkh
dgglwlrqdo 20glvwulexwhg hohphqw glvdsshduv1
Wkh dv|pswrwlf glvwulexwlrq jlyhq deryh grhv qrw ghshqg rq wkh sdudphwhuv
iru wkh ghwhuplqlvwlf frpsrqhqw1 Wkh whvw lv wkhuhiruh dv|pswrwlfdoo| vlplodu
zlwk uhvshfw wr wkhvh sdudphwhuv surylghg wkdw Dvvxpswlrq 4 lv vdwlvhg/ vhh dovr
Qlhovhq dqg Udkehn +5333,1
Lq rughu wr hvwlpdwh wkh udqn d vhtxhqwldo whvwlqj surfhgxuh lv qhfhvvdu|1 Rqh
vxjjhvwlrq lv wr whvw wkh k|srwkhvhv
M, EfcM , EccM , ER  
vhtxhqwldoo| djdlqvw wkh xquhvwulfwhg prgho M,ER Li M,Eo lv wkh uvw k|srwkhvlv
wr eh dffhswhg wkhq wkh frlqwhjudwlqj udqn lv hvwlpdwhg e| o Iru frqvlvwhqf|
surshuwlhv ri wklv surfhgxuh vhh Mrkdqvhq +4<<9/ vhfwlrq 4514,1
6151 D eurnhq frqvwdqw ohyho
Lq vrph dssolfdwlrqv wkh ohyho ri wkh gdwd pd| fkdqjh iurp wlph wr wlph exw wkh
gdwd gr qrw h{klelw d olqhdu wuhqg1 Wkhq wkh prgho lv jlyhq e|













V￿c￿(￿c|3￿ n 0| +619,
Wkh k|srwkhvlv ri uhgxfhg frlqwhjudwlrq udqn lv jlyhq e| MSEo=u d q n Ec>  oc ru
htxlydohqwo| wkdw Ec> fdq eh zulwwhq dv kEq
￿c￿c zkloh wkh olnholkrrg udwlr whvw
vwdwlvwlf iru MSEo djdlqvw d jhqhudo dowhuqdwlyh/ MSERc lv ri wkh irup +614,1 Ixuwkhu






`￿ E iru l  R  oc
 iru l ' R  o n c ￿3￿ 	 ￿c
f rwkhuzlvh1
+61:,
6161 Rq prghov zlwk xquhvwulfwhg sdudphwhuv iru wkh eurnhq wuhqg
Wkh k|srwkhvlv MS Eo lq wkh prgho +619, lpsrvhv udqn uhvwulfwlrqv rq wkh uvw ru0
ghu dxwruhjuhvvlyh sdudphwhu dv zhoo dv wkh sdudphwhu iru wkh eurnhq ghwhuplqlvwlf
wuhqg1 Lq vrph vlwxdwlrqv lw pd| vhhp uhdvrqdeoh wr dqdo|vh d udqn k|srwkhvlv
zklfk rqo| lqyroyhv wkh uvw rughu dxwruhjuhvvlyh sdudphwhu=
M,SEoG udqn  o ru 'kq
￿c
zkloh > lv ohiw xquhvwulfwhg1 Wklv k|srwkhvlv lv dqdo|vhg e| fruuhfwlqj {f| dqg
f|3￿ iru wkh uhpdlqlqj frpsrqhqwv lq wkh prgho dqg vxevhtxhqwo| shuiruplqj d
fdqrqlfdo fruuhodwlrq dqdo|vlv ri wkh uhvlgxdov1 Wkh olnholkrrg udwlr whvw vwdwlvwlf
iru M,SEo djdlqvw M,SER'MS ER lv ri wkh irup +614,1 Lwv dv|pswrwlf glvwulexwlrq
lv jlyhq dv iroorzv=
Wkhruhp 6161 Vxssrvh M,SEo dqg Dvvxpswlrq 4 duh vdwlvhg1 Ohw Z eh d ERo0
glphqvlrqdo vwdqgdug Eurzqldq prwlrq dqg I wkh ERon^0glphqvlrqdo surfhvv
jlyhq lq Wkhruhp 6141 Wkh dv|pswrwlf glvwulexwlrq dv A $4ri wkh olnholkrrg
udwlr whvw vwdwlvwlf iru M,SEo djdlqvw M,SER ghshqgv rq k￿
z>/ lq sduwlfxodu/ ohw
? 'udqnEk￿
z>
+4, Vxssrvh ?  ERo Wkhq wkh whvw lv dv|pswrwlfdoo| 2iERo2j glvwulexwhg1





























45+6, Vxssrvh ?	^	ER  o Wkhq wkhuh h{lvw pdwulfhv 1c# ri udqn q dqg
glphqvlrqv iER  o  ?j dqg i^  ?j uhvshfwlyho| vxfk wkdw k￿
z> ' 1#￿ Wkh







Wkh whvw lv qrw dv dwwudfwlyh dv wkh suhylrxvo| frqvlghuhg whvwv1 Wkh olplw
glvwulexwlrq lv d ixqfwlrq ri k￿
z> Wkh whvw lv wkhuhiruh qrw dv|pswrwlfdoo| vlplodu
zlwk uhvshfw wr wkh vorsh sdudphwhuv iru wkh eurnhq wuhqg1 Pruhryhu/ lw ghshqgv
rq k￿
z> lq d frpsolfdwhg zd|1 Dowkrxjk wkh wklug vlwxdwlrq lq Wkhruhp 616 rqo|
rffxuv rq d qxoo vxevhw ri wkh sdudphwhu vsdfh wkh lvvxh rxjkw wr eh dgguhvvhg lq
wkh vwdwlvwlfdo dqdo|vlv1 Kdg wkhuh ehhq qr euhdnv lq wkh wuhqg wkh whvw vwudwhj|
vxjjhvwhg e| Mrkdqvhq +4<<9/ Vhfwlrq 4515, frxog eh xvhg1 D jhqhudolvdwlrq ri
wkdw lghd lv qrw vlpsoh iru wzr uhdvrqv1 Iluvw/ wkh olplw glvwulexwlrq ghshqgv
frqwlqxrxvo| rq wkh qxlvdqfh sdudphwhu1 Vhfrqgo|/ lq pdq| dssolfdwlrqv lw frxog
eh ri lqwhuhvw vxevhtxhqwo| wr whvw k|srwkhvhv fruuhvsrqglqj wr udqn uhvwulfwlrqv
rq k￿
z>1 Vxfk whvwv duh glvfxvvhg lq vhfwlrq 71
6171 Prghov zlwk rxwolhuv
Rxwolhu gxpplhv/ ru rqh shulrg gxpplhv duh riwhq lqfoxghg lq hfrqrphwulf prg0
hov1 Wkhvh duh sduwlfxoduo| xvhg zkhq wkhuh duh h{wuhph uhvlgxdov zklfk zrxog
lqglfdwh d ylrodwlrq ri wkh dvvxpswlrq derxw qrupdo lqqrydwlrqv dqg wkhlu wlplqj
fdq riwhq eh dvvrfldwhg zlwk sduwlfxodu hyhqwv lq hfrqrplf klvwru|1 Vxfk gxpplhv
f d qe hl q f o x g h gl qw z rz d | v /h l w k h uz l w kd qx q u h v w u l f w h gs d u d p h w h ur ud o w h u q d w l y h o |
wkh sdudphwhu frxog eh uhvwulfwhg wr eh lqfoxghg lq wkh frlqwhjudwlqj yhfwru1 Wkh
dv|pswrwlf glvwulexwlrq ri wkh udqn whvw lv qrw dhfwhg lq wkh uvw fdvh/ zkhuhdv lw
lv lqghhg lq wkh vhfrqg fdvh1 Rq wkh rwkhu kdqg wkh uvw w|sh ri gxpp| lpsolhv
d shuvlvwhqw hhfw zkhuhdv wkhuh lv qr orqj0uxq hhfw ri wkh uhvwulfwhg gxpp|1
Rxwolhu gxpplhv zlwk xquhvwulfwhg sdudphwhuv frxog eh lqfoxghg lq wkh prgho
M, lq wkh iroorzlqj zd|1 Iru qrwdwlrqdo frqyhqlhqfh vxssrvh wkhuh lv rqo| rqh
ri wkhvh/ (Kc wdnlqj wkh ydoxh rqh dw wlph AK dqg }hur rwkhuzlvh1 Khuh wkh wlph
AK lv uhtxluhg wr eh lq wkh hhfwlyh vdpsoh/ wkdw lv/ lw pxvw qrw idoo lq A￿3￿ n



















46zkhuh D lv dq xquhvwulfwhg R0yhfwru1 Judqjhu*v Uhsuhvhqwdwlrq Wkhruhp 514 lqgl0
fdwhv dq dgglwlrqdo frpprq wuhqgv frpsrqhqw/ DE|  AKc vkrzlqj d shuvlvwhqw
hhfw ri wkh vkrfn1 Qrwh/ wkdw iru wklv dujxphqw/ & revhuydwlrqv diwhu wkh wlph
AK qhhg wr eh frqglwlrqhg xsrq1 Zkhq lw frphv wr wkh dv|pswrwlf wkhru|/ wkh
frpprq wuhqgv duh qrupdolvhg e|
s
A dqg khqfh wklv dgglwlrqdo frpsrqhqw ydq0
lvkhv dqg wkhuh lv qr hhfw wr wkh dv|pswrwlf glvwulexwlrq ri wkh udqn whvw1 Wklv
vkrzv wkdw wkh udqn whvw lv dv|pswrwlfdoo| vlplodu zlwk uhvshfw wr wkh sdudphwhu
D Fruuhvsrqglqjo|/ gxpplhv iru vhdvrqdo hhfwv fdq eh lqfoxghg dv orqj dv wkhuh
lv dq xquhvwulfwhg frqvwdqw lq wkh prgho1 Wkhvh lvvxhv duh eulh | glvfxvvhg e|
Mrkdqvhq +4<<9/ Vhfwlrq 81;,1
Rxwolhu gxpplhv frxog dowhuqdwlyho| eh uhvwulfwhg wr wkh frlqwhjudwlqj vsdfh

























￿ lv dq xquhvwulfwhg o0yhfwru1 Wklv h{whqwlrq kdv olwwoh hhfw rq Judqjhu*v
uhsuhvhqwdwlrq Wkhruhp 514/ vlqfh D ' kB
￿ dqg khqfh D 'f  W k h u hl vd qh  h f ww r
wkh dv|pswrwlf glvwulexwlrq ri wkh udqn whvw/ vlpso| ehfdxvh wkh vdpsoh fdqrqlfdo
fruuhodwlrqv duh qrz wdnhq ri yhfwruv ri juhdwhu glphqvlrq/ khqfh wkh dv|pswrwlf
glvwulexwlrq lv qrz ri wkh w|sh +618,1 D surri iru d orz glphqvlrqdo vlwxdwlrq lv
jlyhq e| Grruqln/ Khqgu| dqg Qlhovhq +4<<;/ Vhfwlrq 451515,1 Lq dssolfdwlrqv wklv
w|sh ri gxpp| lv qrw vr frpprq/ exw lw kdv ehhq dssolhg e| iru lqvwdqfh Grruqln
dqg Khqgu| +4<<7,1
6181 Fulwlfdo ydoxhv iru udqn whvwv
H{dfw dqdo|wlf h{suhvvlrqv iru wkh dv|pswrwlf glvwulexwlrqv duh qrw nqrzq dqg
w k ht x d q w l o h vk d y hw re hg h w h u p l q h ge |v l p x o d w l r q 1W k hd v | p s w r w l fg l v w u l e x w l r q v
ghshqg rq d qxpehu ri idfwruv= qxpehu ri qrq0vwdwlrqdu| uhodwlrqv/ orfdwlrq ri
euhdn srlqwv dqg wkh wuhqg vshflfdwlrq1 Wkh prphqwv ri wkhvh glvwulexwlrqv kdyh
ehhq dssur{lpdwhg xvlqj d odujh qxpehu ri vlpxodwlrqv dqg d vxevhtxhqw uhvsrqvh
vxuidfh dqdo|vlv edvhg rq wkhvh idfwruv1 Wkhq/ wkh txdqwlohv fdq eh dssur{lpdwhg
xvlqj wkh hpslulfdo revhuydwlrq wkdw wkh vkdsh ri udqn whvw glvwulexwlrqv w|slfdoo|
duh dssur{lpdwhg udwkhu zhoo e| K glvwulexwlrqv/ vhh Qlhovhq +4<<:, dqg Grruqln
+4<<;,1 Vlqfh wkh sdudphwhuv ri d K glvwulexwlrq duh jlyhq e| wkh uvw wzr pr0
phqwv/ lw vx!fhv wr uhsruw dghtxdwh dssur{lpdwlrqv wr wkh dv|pswrwlf phdq dqg
47yduldqfh ri wkh wudfh whvw glvwulexwlrqv1 Wkh txdqwlohv fdq wkhq eh ghwhuplqhg
xvlqj d qxphulfdo urxwlqh iru wkh lqfrpsohwh K lqwhjudo ru d 2 glvwulexwlrq zlwk
qrq0lqwhjhu ghjuhhv ri iuhhgrp zklfk lv dydlodeoh lq prvw vwdwlvwlfdo frpsxwhu
sdfndjhv1
Lq wkh iroorzlqj wkh fdvhv zlwk d eurnhq wuhqg ru d eurnhq ohyho duh frqvlghuhg
zlwk xs wr wkuhh vdpsoh shulrgv/ ^ '  Wkh fdvhv zlwk ^ ' c2c fdq eh ghvfulehg
mrlqwo|1 Ohw ￿ ' A￿*A ghqrwh wkh euhdn srlqwv dv shufhqwdjh ri wkh ixoo vdpsoh1
Iru wkh fdvh ^ 'w k h u hd u hw k u h hu h o d w l y hv d p s o ho h q j w k v /￿  fc 2  ￿c  2
Ohw @ dqg K ghqrwh wkh vpdoohvw dqg wkh vhfrqg vpdoohvw ri wkhvh1 Iru wkh fdvh
^ '2w k h u hd u hw z ru h o d w l y hv d p s o ho h q j w k v￿fc￿ Ohw K ghqrwh wkh vpdoohvw
ri wkhvh dqg ohw @ 'f  Ilqdoo|/ iru ^ 'ohw @ ' K 'f 
Wkh prphqwv ri wkh dv|pswrwlf glvwulexwlrqv duh xqnqrzq ixqfwlrqv ri ERo/
@/ K1 Zh kdyh irxqg wkdw vxfk ixqfwlrqv duh yhu| suhflvho| dssur{lpdwhg e| wkh
sro|qrpldo=
























zkhuh %￿ 'E R  o/ %2 ' @/ %￿ ' K/ %e ' A3￿/ _6 'E R  o361 Wklv ixqfwlrq lv
hvvhqwldoo| d wklug rughu sro|qrpldo lq ER  o/ @/ K dqg A3￿/ zkhuh wkh whupv lq
ERo3￿ dqg ERo32 s o d |w k hv d p hu r o hd vw k hg x p p l h vi r ug l p h q v l r q v4 /5d q g
6 xvhg lq Grruqln +4<<;,/ exw jlyh d ehwwhu w1 Qrwlfh wkdw wkh uhjuhvvlrq lqfoxghv
wkh lqyhuvh ri wkh vdpsoh vl}h/ A3￿1W k hu r o hr iw k hv d p s o hv l } hl q w w l q ju h v s r q v h
vxuidfhv iru wkh wudfh whvw lv glvfxvvhg lq Grruqln +4<<;,1 Wkh dv|pswrwlf prphqwv
duh hdvlo| fdofxodwhg iurp +61<, e| ohwwlqj A $4 1 Qrwlfh dovr wkdw %￿_￿ ' _f '
dqg %￿_2 ' _￿1 Vrph ri wkh sdudphwhuv lq +61<, duh qrw lghqwlhg/ dqg wkhuhiruh
duh vhw wr }hur1 Wkh uhpdlqlqj :8 sdudphwhuv kdyh ehhq hvwlpdwhg e| ruglqdu|
ohdvw vtxduhv/ dgglqj dq huuru whup wr +61<, dqg plqlplvlqj wkh vxp ri vtxduhg
uhvlgxdov1
Wkh prphqwv ri wkh dv|pswrwlf glvwulexwlrq zhuh vlpxodwhg iru ydulrxv ydoxhv
ri ER  o/ @/ K dqg A Wkh lqyroyhg Eurzqldq prwlrqv fdq eh glvfuhwlvhg lq
vhyhudo zd|v1 Rqh srvvlelolw| lv wr plplf wkh uhsuhvhqwdwlrq +615, dqg jhqhudwh
rqh udqgrp zdon zlwk A vwhsv lq hdfk vlpxodwlrq/ dqg dvvrfldwh d shufhqwdjh ri
wklv wr hdfk vdpsoh shulrg1 Lq rughu wr dyrlg srru dssur{lpdwlrqv iru fdvhv zlwk
48a
b







Iljxuh 614= Ydoxhv ri @ dqg K xvhg lq wkh vlpxodwlrqv
Xquhvwulfwhg Uhvwulfwhg
&S d u 1 -2 j &S d u 1 -2 j
Prgho MS/ *L}Ephdq :8 31<<<<<: 31334:; 64 31<<<<<9 3133539
Prgho MS/ *L}Eyduldqfh :8 31<<<<96 31338;9 4< 31<<<<69 3133:8<
Prgho M,/ *L}Ephdq :8 31<<<<<; 3133448 64 31<<<<<9 31334::
Prgho M,/ *L}Eyduldqfh :8 31<<<<73 31339:9 57 31<<<;<7 3133;;9
Wdeoh 614= Jrrgqhvv ri w phdvxuhv iru wkh uhvsrqvh vxuidfh
uhodwlyho| vkruw vdpsoh shulrgv wkh uhsuhvhqwdwlrq +617, zdv xvhg1 Wkh lghd lv wr
jhqhudwh wkuhh udqgrp zdonv hdfk zlwk A vwhsv dqg wkhq vfdoh wkhp dffruglqj
w rw k hu h o d w l y ho h q j w k vr iw k hv d p s o hs h u l r g v 1 W k hy d o x h vr iA zhuh wkh lqwhjhu
sduw ri Dff*| iru | ' ccf Wkh frqvlghuhg qxpehu ri qrq0vwdwlrqdu| uhodwlrqv
zdv ER  o' ccH1 Ilqdoo| 53 glhuhqw ydoxhv ri @ dqg K zhuh fkrvhq dv
looxvwudwhg lq Iljxuh 614/ wr eh uhsuhvhqwdwlyh ri doo sdluv +@/K, vxfk wkdw @	K
dqg K	E  @  K1 Qrwlfh wkdw wkhuh lv d pruh ghqvh vdpsolqj zkhq @ 'f /
fruuhvsrqglqj wr rqh vlqjoh euhdn1 Wklv jlyhv 4933 fdvh zklfk zhuh uhshdwhg
 ' f f cfff wlphv1
Wkh w ri +61<, lv h{fhoohqw/ hyhq zkhq wkh qxpehu ri sdudphwhuv lv gud0
pdwlfdoo| uhgxfhg vwduwlqj iurp wkh ohdvw vljqlfdqw/ dv looxvwudwhg lq Wdeoh 6141
49Yduldqfh
Phdq 45824133< 458 458-4133<
;3241335 <;1<< <<13; <<14:
;3 <<148 <<157 <<166
;3-41335 <<164 <<173 <<17<
Wdeoh 615= <8wk Shufhqwlohv ri wkh Jdppd glvwulexwlrq
Yduldqfh
Phdq 45824133< 458 458-4133<
;3241335 137;3 137;: 137<7
;3 137<6 13833 1383:
;3-41335 13838 13846 13853
Wdeoh 616= Uljkw kdqg wdlo suredelolw| ri Jdppd glvwulexwlrq iru wkh ydoxh <<157
Vwdqgdug huuruv duh derxw 315( iru wkh phdq dqg 31<( iru wkh yduldqfh/ dq ru0
ghu ri pdjqlwxgh dfwxdoo| yhu| forvh wr wkh Prqwh Fduor vdpsolqj yduldwlrq lq
*L}Eprphqw1 Qrwlfh wkdw vxfk vpdoo huuruv lq wkh prphqwv duh yluwxdoo| qhjoljl0
eoh iru doo sudfwlfdo sxusrvhv zkhq frpsxwlqj wkh txdqwlohv dqg wdlo suredelolwlhv
ri wkh K glvwulexwlrq1 Wklv srlqw lv looxvwudwhg lq Wdeohv 615 dqg 616/ zkhuh txdq0
wlohv dqg wdlo suredelolwlhv duh frpsxwhg iru wkh ydoxhv phdq@;3 dqg yduldqfh@458
dqg vpdoo yduldwlrq wkhuhri1 Wkhvh ydoxhv ri phdq dqg yduldqfh duh dssur{lpdwho|
htxdo wr wkh dyhudjh ri wkh ydoxhv irxqg lq rxu vlpxodwlrqv1
Lw lv lpsruwdqw wr uhpdun wkdw wkh uhvlgxdov ri +61<, duh dssur{lpdwho| kr0
prvfkhgdvwlf lq doo fdvhv/ zklfk phdqv wkdw wkhuh duh qr ydoxhv ri ER  o/ @/ K
dqg A lq zklfk wkh huuruv duh pxfk eljjhu dv d shufhqwdjh ri wkh prphqw1 Wklv
lv zkdw prwlydwhg wkh fkrlfh wr prgho wkh orj ri wkh prphqwv udwkhu wkdq wkh
prphqwv wkhpvhoyhv1 Zh dovr wulhg wr prgho wkh prphqwv gluhfwo|/ zlwkrxw wdn0
lqj wkh orjv/ xvlqj zhljkwhg ohdvw vtxduhv zlwk ERo32 dv zhljkwv wr dffrxqw iru
khwhurvfkhgdvwlflw|/ dorqj wkh olqhv ri Grruqln +4<<;,1 Krzhyhu/ wkh w dsshduv
wr eh voljkwo| srruhu zlwk wkdw vshflfdwlrq1
Wkh hvwlpdwhg frh!flhqwv duh uhsruwhg lq Wdeoh 617 / zkhuh wkh frh!flhqwv
uhihuuhg wr wkh yduldeoh %e ' A3￿ duh qrw uhsruwhg/ vlqfh wkh| duh luuhohydqw iru
frpsxwlqj wkh dv|pswrwlf prphqwv1
Qrwlfh wkdw zkhq @ ru K ru erwk duh }hur/ wkdw lv zkhq ^ 'f c/ wkh dv|pswrwlf
prphqwv pd| vwloo eh frpsxwhg e| +61<,/ exw wkh irupxod kdv wr eh fruuhfwhg
4:MS M,
*L}Ephdq* L } E yduldqfh* L } E phdq* L } E yduldqfh
Frqvwdqw 51;3 61:; 6139 61<:
ER  o 31834 31679 31789 31647
@ 4176 31;8< 417: 41:<
K 316<< 31<<6 31589
ER  o
2 031363< 0313439 031359< 03133;<;
ER  o@ 0313933 031366< 0313696 03139;;
ER  oK 03134<8





ER  o@2 3149;
@￿ 9167 61<8 9134 71:8
@K2 41;<
@2K 04166
K￿ 41;8 0315;5 5137 0318;:
ER  o
3￿ 0514< 051:6 05138 0517:
@ER  o
3￿ 03176; 31;:7 031637 4195
KER  o
3￿ 41:< 5169 4139 6146
@2 ER  o
3￿ 9136 051;; <168 07185
@KER  o
3￿ 613; 61;5 04154
K2 ER  o
3￿ 041<: 07177 5145 081;:
@￿ ER  o
3￿ 0;13; 0551;
@K2 ER  o
3￿ 081:< 0:148
K￿ ER  o
3￿ 7164 071<8 71;<
ER  o
32 31:4: 4135 319;4 31;:7
KER  o
32 0415< 031;3: 031;5; 031;98
@2 ER  o
32 04185 08176
K2 ER  o
32 51;:
@￿ ER  o
32 4614
K￿ ER  o
32 05136 4183
Wdeoh 617= Hvwlpdwhg vxuidfh uhvsrqvhv
4;phdq ri MS yduldqfh ri MS <8wk shufhqwloh ri MS
ER  o +6143, Grruqln +6144, Grruqln +6143,0+6144, Grruqln
4 714 714 :13 91: <15 <14
5 4513 4514 4<19 5313 5314 5316
6 5715 5713 6;18 6;19 6815 6813
7 7315 7313 9615 9615 8714 861<
8 9315 9314 <713 <61; ::13 :91<
9 ;714 ;714 46414 46317 4361; 4361:
: 4441< 44514 4:715 4:619 46718 46719
; 4751; 47714 55519 55419 49<15 49<17
< 4;316 4;314 5:71< 5:915 53;17 53;16
43 55518 55314 65<16 6691; 58615 58414
Wdeoh 618= Frpsdulvrq zlwk Grruqln +4<<;, +d@e@t@3,
xvlqj uhvxow +618,/ dv iroorzv=
phdq  i Tisphdq dER  oc@cKc4ojE2  ^ER  o +6143,
yduldqfh  i Tisyduldqfh dER  oc@cKc4oj2E2 ^ER  o +6144,
Wkhvh irupxodh doorz wr pdnh d frpsdulvrq zlwk wkh dssur{lpdwlrq irupxodh
frpsxwhg lq Grruqln +4<<;, iru wkh fdvh zlwk qr euhdnv1 Wklv lv looxvwudwhg
l qW d e o h6 1 8l qw k hf d v hr ip r g h oMS1 Wkh irupxodh/ dowkrxjk txlwh glhuhqw
dw uvw jodqfh/ jlyh yhu| vlplodu uhvxowv iru wkh prvw uhohydqw ydoxhv ri ER  o/
h{shfldoo| dv idu dv wkh uljkwprvw txdqwlohv duh frqfhuqhg1 Iru ER  o : f/w k h
glhuhqfhv ehfrph pruh uhohydqw/ dqg wklv lv ri frxuvh uhodwhg wr wkh idfw wkdw
rxu dssur{lpdwlrq lv edvhg rq vxuidfh uhvsrqvhv zlwk ER  o  H/ dqg wkhuhiruh
vkrxog qrw eh xvhg iru glphqvlrqv pxfk eljjhu wkdq ;1 Wkh vdph dqdo|vlv kdv
ehhq grqh iru M,/ zlwk vlplodu uhvxowv1
71 Uhvwulfwlrqv rq wkh vorsh sdudphwhuv
Zkhq wkh frlqwhjudwlqj udqn lv nqrzq lw lv xvxdoo| ghvludeoh wr whvw ixuwkhu uhvwulf0
wlrqv rq wkh sdudphwhuv1 Lq wklv vhfwlrq k|srwkhvhv rq wkh vorsh ri wkh ghwhuplq0
lvwlf wuhqg zloo eh frqvlghuhg1 Uhfdoo iurp Wkhruhp 514 wkdw wkh vorsh sdudphwhu
lv jlyhq e|=





4<lq wkh 0wk vdpsoh shulrg1 Lq sduwlfxodu/ wkh ghwhuplqlvwlf vorsh iru wkh frlqwh0
judwlqj uhodwlrqv/ q
￿f|c lv wkhuhiruh q
￿,c￿ ' ￿
￿ Lq eulhi/ wkh uhvxowv duh=
41 whvwv iru olqhdu uhvwulfwlrqv rq wkh vorsh iru wkh frlqwhjudwlqj uhodwlrq/ q
￿,c
duh dv|pswrwlfdoo| 20glvwulexwhg1
51 whvwv iru olqhdu uhvwulfwlrqv rq wkh vorsh lq jhqhudo/ ,c duh dv|pswrwlfdoo|
20glvwulexwhg1
Wkh wzr whvwv fdq eh iruphg vhtxhqwldoo|/ e| uvw lpsrvlqj d uhvwulfwlrq rq wkh
vorsh iru wkh frlqwhjudwlqj uhodwlrq/ q
￿,c dqg wkhq/ li dffhswhg/ lpsrvlqj wkh vdph
uhvwulfwlrq rq wkh frpprq wuhqg/ k￿
z[, Lq wklv zd| lw lv srvvleoh wr lpsrvh pruh
uhvwulfwlrqv rq wkh vorsh iru wkh frlqwhjudwlqj uhodwlrq/ q
￿, wkdq rq wkh vorsh lq
jhqhudo/ ,1
Qrwh lw lv qrw vwudljkw iruzdug wr gr wkhvh wzr whvwv lq wkh rssrvlwh rughu1
Lq wkdw fdvh wkh whvw iru vorsh ri wkh frpprq wuhqg lv exughqhg zlwk qxlvdqfh
sdudphwhu1 Wklv lv uhodwhg wr wkh lvvxh wkdw wkh frpprq wuhqgv duh qrw xqltxho|




zf|/ exw lw frxog eh ghqhg dv d olqhdu frpelqdwlrq ri dq| ri wkhvh dqg wkh
frlqwhjudwlqj uhodwlrq dqg riwhq wkhuh lv qr sduwlfxodu ydoxdeoh lqwhusuhwdwlrq wr
dq| ri wkhvh1
7141 Vorsh ri wkh frlqwhjudwlqj uhodwlrq
Wkh vorsh iru wkh olqhdu wuhqg lq wkh frlqwhjudwlqj uhodwlrq lv jlyhq e| wkh sdud0
phwhu  Olqhdu uhvwulfwlrqv rq wklv sdudphwhu fdq eh irupxodwhg dv=
M
￿
, EoG  ' C)c
zkhuh C lv d nqrzq E^  }0pdwul{ ri udqn }c zkhuh }  ^c dqg wkh sdudphwhu )






Dv dq h{dpsoh vxssrvh ^ '2  E| wkh fkrlfh C 'E  cf
￿ wkh olqhdu wuhqg lv devhqw
lq wkh vhfrqg shulrg zkhuhdv li C 'E  c
￿ wkhq wkh vorsh lv qrw dowhuhg e| wkh
euhdn1 Lw lv frqyhqlhqw wr lqwurgxfh wkh qrwdwlrq q
￿ 'E qc)￿ iru wkh h{whqghg
frlqwhjudwlrq yhfwru1 Qrwh/ wkdw zkhq wkhuh lv qr frlqwhjudwlrq/ o 'f c wkhq 
ydqlvkhv/ khqfh M
￿
, Ef ' M,Ef
53Dv ehiruh wkh olnholkrrg lv pd{lplvhg e| fdqrqlfdo fruuhodwlrq dqdo|vlv1 Wkh
vtxduhg vdpsoh fdqrqlfdo fruuhodwlrqv ri wkh uhvlgxdov/   	 b
￿

















dqg wkh olnholkrrg udwlr whvw iru wkh k|srwkhvlv M
￿
, Eo lq M, Eo lv wkhq jlyhq e|=
u-iM
￿









  	 b￿
r
c
vhh Mrkdqvhq +4<<9/ Wkhruhp :15,1 Wkh dv|pswrwlf glvwulexwlrq ri wkh whvw vwd0
wlvwlf lv jlyhq dv
Wkhruhp 7141 Vxssrvh K
￿
, Eo dqg Dvvxpswlrq 4 duh vdwlvhg1 Wkhq wkh olnhol0
krrg udwlr whvw vwdwlvwlf iru K
￿
, Eo lq K, Eo lv dv|pswrwlfdoo| 2ioE^}j0glvwulexwhg1
Wkh uhvwulfwlrq rq wkh olqhdu whup ri wkh frlqwhjudwlqj yhfwru/  ' C)c frxog
eh frpelqhg zlwk iru lqvwdqfh d olqhdu uhvwulfwlrq rq wkh frlqwhjudwlqj yhfwru lwvhoi/
q ' Mc zkhuh M lv d nqrzq/ ixoo0udqn/ ER  0pdwul{ dqg wkh sdudphwhu  lv
ri glphqvlrq E  o Wkh olnholkrrg udwlr whvw vwdwlvwlf iru wklv k|srwkhvlv lv dovr
dv|pswrwlfdoo| 21 Wkh ghjuhhv ri iuhhgrp lv ioERj li wkh dowhuqdwlyh lv M
￿
, Eo
dqg ioER   n ^  }j li M,Eo lv wkh dowhuqdwlyh1
7151 Vorsh ri wkh frpprq wuhqgv
Wkh frpprq wuhqgv lv d olqhdu frpelqdwlrqv ri wkh ohyhov ri wkh wlph vhulhv zklfk








>.￿ lq +517,1 Lq fruuhvsrqghqfh zlwk wkh suhylrxv vxe0vhfwlrq lw lv ri lqwhuhvw wr
lpsrvh olqhdu uhvwulfwlrqv rq k￿









zkhuh lcB duh ri glphqvlrq ER6 dqg iE^6oj uhvshfwlyho|/ wkhq k￿> lv ohiw
xquhvwulfwhg zkhuhdv k￿
z> lv uhvwulfwhg vr wkdw k￿
z>z 'f  Qrz/ wkh frpprq
wuhqgv fdq eh fkrvhq lv ydulrxv zd|v1 Rq wkh rqh kdqg li wkh frpprq wuhqgv
54duh fkrvhq pdwkhpdwlfdoo| frqyhqlhqw dv k￿










Rq wkh rwkhu kdqg iru frpprq wuhqgv jlyhq e| q
￿





















vkrzlqj wkdw wkh vorsh ri wkh frpprq wuhqgv lv olqnhg lqwlpdwho| zlwk wkh vorsh ri
wkh frlqwhjudwlqj uhodwlrq1 Wkxv li vsdqEC vsdq+ wkhq wkh uhvwulfwlrq e| 
dssolhv iru doo ghqlwlrqv ri frpprq wuhqgv/ lq idfw lw dssolhv wr wkh hqwluh surfhvv/
vr wkdw xqghu wkdw frqglwlrq ,z 'f  Lq wkh iroorzlqj wkh olnholkrrg udwlr whvw
iru M
>
, Eo lq M
￿
, Eo lv glvfxvvhg1 Iru wkh dv|pswrwlf dqdo|vlv wkh uhvwulfwlrq C 5
vsdq lv fuxfldo iru dyrlglqj qxlvdqfh sdudphwhuv1 Qrwh/ wkdw lq wkh xquhvwulfwhg
prgho zkhq wkhuh duh xs wr R frlqwhjudwlqj uhodwlrqv wkhq wkh k|srwkhvlv M
>
,
hqwdlov qr uhvwulfwlrq rq wkh sdudphwhuv/ khqfh M
>
, ER'M,ER
Wkh vtxduhg vdpsoh fdqrqlfdo fruuhodwlrqv ri wkh uhvlgxdov/   	 b
>
￿   
	 b
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dqg wkh olnholkrrg udwlr whvw vwdwlvwlf iru wkh k|srwkhvlv M
>
, Eo lq M
￿






















vhh Mrkdqvhq +4<<9/ Wkhruhp 915,1
Iru wkh dv|pswrwlf dqdo|vlv lw lv lpsruwdqw wkdw wkh uhvwulfwlrqv wr wkh frpprq
wuhqgv vorsh dovr dsso| wr wkh frlqwhjudwlqj uhodwlrqv vorsh/ wkdw lv C 5vsdq 





, Eo Vxssrvh K
>
, Eo dqg Dvvxpswlrq 4 duh vdwlvhg1 Li lq dgglwlrq C 5
vsdq  wkhq wkh olnholkrrg udwlr whvw vwdwlvwlf iru K
>
, Eo lq M
￿
, Eo lv dv|pswrwlfdoo|
2iER  oE^  6j1
Rq wkh rwkhu kdqg li C* 5vsdq  wkhq wkh dv|pswrwlf glvwulexwlrq ri wkh whvw
vwdwlvwlf lqyroyhv qxlvdqfh sdudphwhuv1
5581 Hpslulfdo Looxvwudwlrq
Wklv vhfwlrq looxvwudwhv wkh vxjjhvwhg vwdwlvwlfdo dqdo|vlv/ dssolhg wr d yh glphq0
vlrqdo gdwd vhw zlwk yduldeohv uhohydqw iru dqdo|vlqj wkh Xqfryhuhg Lqwhuhvw Sdulw|
+XLS, k|srwkhvlv ehwzhhq Jhupdq| dqg Lwdo|1 Wkh hfrqrplf prgho lv yhu| vlpsoh/
dqg vkrxog eh uhjdughg dv dq looxvwudwlrq udwkhu wkdq d frqwulexwlrq wr wkh rqjrlqj
hfrqrplf ghedwh1 Wkh dqdo|vlv kdyh ehhq grqh xvlqj PDOFROP 517 +Prvfrql/
4<<;,/ zkhuh doo wkh whfkqltxhv looxvwudwhg lq wklv sdshu duh lpsohphqwhg lq d xvhu
iulhqgo| phqx gulyhq hqylurqphqw1















| duh uvw glhuhqfh ri orj Frqvxphu Sulfh Lqgh{ dqg uhsuh0
vhqw lq dwlrq udwhv lq Lwdo| dqg Jhupdq|1 Wkh yduldeoh {e| uhsuhvhqwv wkh uvw
glhuhqfh ri orj qrplqdo h{fkdqjh udwh ehwzhhq Lwdoldq Olud dqg Jhupdq Pdun
+OLW2GP,/ zkloh U
| dqg (
| duh Lwdoldq dqg Jhupdq qrplqdo lqwhuhvw udwhv rq orqj
whup wuhdvxu| erqgv/ jlyhq dv dqqxdo udwhv glylghg e| 7/ wr pdnh wkhp glphq0
vlrqdoo| pdwfklqj zlwk wkh rwkhu yduldeohv1 Dv iru wkh vrxufhv/ sulfhv duh iurp
HXURVWDW +h{fhsw 4<:604<:8/ zkhuh sulfhv duh iurp XQ 0 Prqwko| Exoohwlq ri
Vwdwlvwlfv,> qrwlfh wkdw/ diwhu rfwrehu 4<<3/ Jhupdq sulfhv uhihu wr xqlhg Jhu0
pdq|1 H{fkdqjh Udwhv duh iurp wkh Edqn ri Lwdo| +dyhudjh txduwhuo| h{fkdqjh
udwhv,1 Lqwhuhvw Udwhv duh iurp LPI/ Lqwhuqdwlrqdo Ilqdqfldo Vwdwlvwlfv1 Wkh gdwd
duh dydlodeoh iurp wkh dxwkruv1
Wkh gdwd/ zklfk duh vkrzq lq Iljxuh 814/ duh txduwhuo|/ udqjlqj iurp 4<:615











lv }hur iru vrph odj   f1 Pruh zhdno|/ zh zrxog h{shfw lw wr eh vwdwlrqdu| zlwk
}hur phdq1 Hyhq pruh zhdno|/ zh pljkw h{shfw lw wr eh vwdwlrqdu| durxqg vrph
phdq/ zklfk pd| eh lqwhusuhwhg dv d ulvn suhplxp= d srvlwlyh phdq/ vd| 4/p h d q v
wkdw lqyhvwruv uhtxluh EU
|3￿(
|3￿ :4:f wr pryh fdslwdo iurp Jhupdq| wr Lwdo|1
Wkh h{shfwhg frlqwhjudwlrq udqn lv dw ohdvw htxdo wr rqh/ exw ri frxuvh lw pd| eh
kljkhu/ vlqfh zh gr qrw kdyh wkhruhwlfdo uhdvrqv wr h{foxgh pruh vwdwlrqdulw| lq
wkh gdwd1
Wr prgho wkhvh gdwd/ zh xvh wkh prgho M,/ zlwk wzr euhdnv1 Wkh odvw re0
vhuydwlrq ri wkh uvw shulrg lv 4<:<17/ zkloh wkh odvw revhuydwlrq ri wkh vhfrqg
56Inflation in Italy (dashed) and Germany











Interest Rates in Italy (dashed) and Germany







log difference of LIT/DM Exchange Rate











Iljxuh 814= Wkh gdwd
57& Dndlnh Kdqqdq0Txlqq Vfkzduw} Jrgiuh| 2
@oD E2D
4 0861;4 08613: 0841<: 31338
5 087173 086159 08418: 31577
6 087177 0851<3 083194 31:4:
7 0871;6 0851;< 083134 31<48
8 088146 0851:< 07<165 31<:4
Wdeoh 814= Pd{lpxp odj dqdo|vlv +s0ydoxh iru Jrgiuh| whvw,
Htxdwlrq Vnhzqhvv Nxuwrvlv Vn.Nxu
{RU
| 31685 318;4 3188:
{R(
| 3147< 31488 3145<
{e| 31344 318:3 31365
U
| 31679 31463 31537
(
| 31:83 31343 31366
V|vwhp 314<; 3134; 31354
Wdeoh 815= Mdutxh0Ehud Qrupdolw| whvwv +s0ydoxhv,
shulrg lv 4<<515 +A￿ '2 . / A2 '. . > ￿ 'f 2b/ 2 'f He> @ 'f S/ K 'f 2b,1
Wkh uvw euhdn frlqflghv zlwk wkh fuhdwlrq ri wkh HPV/ exw lw lv dovr vxssrvhg wr
fdwfk wkh rlo vkrfn dqg wkh prglfdwlrq ri wkh XV prqhwdu| srolf|1 Wkh vhfrqg
euhdn fruuhvsrqgv wr wkh h{lw ri Lwdo| iurp wkh HPV/ exw dovr wkh xqlfdwlrq ri
Jhupdq|1
Wkh dqdo|vlv wr ghwhuplqh wkh pd{lpxp odj & lv uhsruwhg lq Wdeoh 814 1 Wkh
lqirupdwlrq fulwhuld vxjjhvw glhuhqw ydoxhv ri &/ lq zklfk fdvh lw lv frpprq
sudfwlfh wr suhihu Kdqqdq0Txlqq fulwhulrq1 Wkhuhiruh/ & '2kdv ehhq vhohfwhg/
vlqfh lw lv dovr wkh uvw odj wr jlyh dssur{lpdwho| zklwh qrlvh uhvlgxdov/ dffruglqj
wr wkh Jrgiuh| whvw1
Mdutxh0Ehud qrupdolw| whvwv/ uhsruwhg lq Wdeoh 815/ vkrz vrph sureohpv zlwk
vnhzqhvv lq wkh {e| htxdwlrq dqg nxuwrvlv lq wkh (
| htxdwlrq/ vr wkdw/ dw wkh
v|vwhp ohyho/ qrupdolw| lv uhmhfwhg1 Gxh wr wkh looxvwudwlyh dlp ri wklv dqdo|vlv
zh glg qrw wu| wr dqdo|vh wkhvh sureohpv dq| ixuwkhu1 Qrwlfh/ krzhyhu/ wkdw doo
uhvlgxdov edvhg plvvshflfdwlrq whvwv/ olnh Jrgiuh| dqg Mdutxh0Ehud/ vkrxog eh
prglhg lq wkh suhvhqw vhwwlqj wr wdnh lqwr dffrxqw wkdw wkh uvw & uhvlgxdov ri
hdfk shulrg duh vhw wr }hur e| wkh suhvhqfh ri wkh gxpplhv (￿c|3￿/ zkrvh sxusrvh
lv wr frqglwlrq xsrq wkh uvw & revhuydwlrqv ri hdfk shulrg1 Wklv pljkw sduwo|
h{sodlq wkh sureohpv zlwk nxuwrvlv1
58K|srwkhvlv Whvw s0ydoxh
o ' f 2.e. ffff
o   eD. ffff
o  2. D Se ff22
o  2 H S fSb2
o  eH H2 fHS
Wdeoh 816= Udqn Whvwv
Urrw o 'D o '
4 f.S n fD ff
5 f.S  fD ff
6 ffS  f.S ffS  f.S
7 ffS n f.S ffS n f.S
8 fSb fe.  f2f
Wdeoh 817= Fkdudfwhulvwlf urrwv ri wkh prghov
Wkh whvwv iru frlqwhjudwlrq udqn duh uhsruwhg lq Wdeoh 8161 Wkh dqdo|vlv vxs0
sruwv frlqwhjudwlrq udqn ri o ' / zklfk lv frqvlvwhqw zlwk rxu sulru h{shfwdwlrq1
Wkhuhiruh/ zh hvwlpdwh wkh prgho zlwk o ' 1 Wdeoh 817 uhsruwv wkh yh odujhvw
fkdudfwhulvwlf urrwv iru erwk wkh xquhvwulfwhg dqg wkh uhvwulfwhg prghov/ zklfk
vhhpv wr eh frqvlvwhqw zlwk wkh L+4, dvvxpswlrq udqnEk￿
z[qz'E R  o1
Ehiruh wu|lqj wr vhw xs lghqwli|lqj uhvwulfwlrq rq wkh frlqwhjudwlrq vsdfh/ ohw
xv looxvwudwh vrph lqwhuhvwlqj whvwv rq wkh ghwhuplqlvwlf frpsrqhqwv1 Wkh vorsh ri
wkh ghwhuplqlvwlf wuhqg iru wkh frlqwhjudwlqj uhodwlrq/ c lv d +0pdwul{ lq rxu
h{dpsoh/ zkrvh 0wk froxpq uhsuhvhqwv wkh wuhqg frh!flhqwv ri wkh 0wk vwdwlrqdu|

































,c￿E G  ' C￿)
Wkh uvw wkuhh vhw wkh wuhqg frh!flhqw wr }hur lq doo vwdwlrqdu| uhodwlrqv lq shulrg
4/ 5 dqg 6 uhvshfwlyho|1 Wkh irxuwk uhvwulfwlrq phdqv wkdw wkhuh zdv qr euhdn lq
dq| ri wkh vwdwlrqdu| frpsrqhqwv/ wkdw lv/ wkh wuhqg vorsh glg qrw fkdqjh1 Qrwlfh
59K|srwkhvlv 2E? ? s0ydoxh
M
￿
,c￿ E 8144 6 31497
M
￿
,c2 E :13: 6 313:3
M
￿
,c￿ E 64177 6 31333
M
￿





￿ E 43185 9 31438
MU
2 E 47167 46 31684
Wdeoh 818= Whvw vwdwlvwlfv rq vhyhudo k|srwkhvhv
wkdw wkhvh k|srwkhvhv pd| eh dovr zulwwhq dv
M
￿














zklfk lv hdvlo| lpsohphqwhg lq vwdqgdug frlqwhjudwlrq vriwzduh1 Wkh uhvxowv duh
jlyhq lq Wdeoh 818/ zklfk vkrzv wkdw wkhuh lv qr hylghqfh ri d wuhqg lq vwdwlrqdu|
frpsrqhqwv lq wkh uvw dqg vhfrqg shulrg +mrlqw whvw ri M
￿
,c￿ E dqg M
￿
,c2 E dovr
dffhswv= 2ES ' HH/ s0ydoxh @ 314;8,/ exw wkh wuhqg fdq qrw eh uhpryhg iurp
wkh wklug shulrg1 Dovr/ vlqfh M
￿
,ce E lv vwurqjo| uhmhfwhg/ wkhuh lv hylghqfh wkdw
wkh wuhqg lq wkh vwdwlrqdu| frpsrqhqwv glg fkdqjh vljqlfdqwo| ehwzhhq shulrgv1





















, E krogv/ wkhq ,z 'f+l1h1 , ' 
￿￿,/ vr wkdw wkh vorsh ri erwk wkh
vwdwlrqdu| dqg wkh qrq vwdwlrqdu| frpsrqhqwv uhpdlqv wkh vdph lq doo shulrgv1 Lw
lv lpsruwdqw wr uhpdun wkdw/ hyhq xqghu M
￿>
, E/ euhdnv pd| rffxu lq wkh frqvwdqw
whup S lq erwk wkh vwdwlrqdu| dqg qrq vwdwlrqdu| frpsrqhqwv1 Sduw ri M
￿>
, E/
lqyroylqj wkh vwdwlrqdu| frpsrqhqwv/ kdv ehhq douhdg| whvwhg dqg uhmhfwhg zlwk
M
￿
,ce E= dv vkrzq lq Wdeoh 818/ wkh mrlqw whvw dovr hqgv xs lq d uhmhfwlrq1
5:Lq rughu wr +ryhu,0lghqwli| wkh frlqwhjudwlrq vsdfh/ zh vxjjhvw wkh iroorzlqj
vwdwlrqdu| olqhdu frpelqdwlrqv=
































Wkh uvw uhsuhvhqwv wkh XLS k|srwkhvlv= qrwlfh wkdw wkh odj  ri +814, lv qrw lq wklv
irupxod/ exw wklv lv qrw lpsruwdqw vlqfh {U
| dqg {(




|1 Wkh vhfrqg olqhdu frpelqdwlrq uhsuhvhqw wkh Jhupdq
uhdo lqwhuhvw udwh/ zkloh wkh wklug uhsuhvhqwv wkh uhdo lqwhuhvw udwh glhuhqwldo1
Qrwlfh wkdw/ li wkhvh olqhdu frpelqdwlrqv duh vwdwlrqdu|/ wkhq dovr
















duh vwdwlrqdu|/ dqg frxog eh xvhg wr qg dq dowhuqdwlyh dqg htxlydohqw edvlv ri
wkh frlqwhjudwlrq vsdfh1 Lghqwli|lqj uhvwulfwlrqv pd| eh zulwwhq dv
M
U






'd ￿c￿K￿c 2c￿K2c ￿c￿K￿o

























































































zkloh/ lq rughu wr sodfh vrph sodxvleoh uhvwulfwlrqv rq wkh ghwhuplqlvwlf sduw/ zh
























































































zklfk h{foxgh wkh olqhdu wuhqg iurp 5￿| dqg 52| lq wkh uvw dqg vhfrqg shulrgv/ dqg
iurp 5￿| lq doo shulrgv1 Dv vkrzq lq Wdeoh 818/ erwk MU
￿ E dqg MU
2 E fdq qrw eh
uhmhfwhg1 Iljxuh 815 uhsuhvhqw 5￿|/ 52| dqg 5￿|/ wrjhwkhu zlwk wkhlu ghwhuplqlvwlf
frpsrqhqwv hvwlpdwhg xqghu MU
2 E1
Wklv vkrzv wkdw lq wkh shulrg E.bcb22/ lq zklfk Lwdo| ehorqjv wr wkh HPV/
erwk 5￿| dqg 5￿| duh dssur{lpdwho| }hur rq dyhudjh1 Wkh phdq ri 5￿|/z k l f kl v
wkh glvwdqfh iurp wkh XLS/ lv srvlwlyh dqg txlwh odujh lq wkh uvw shulrg/ phdqlqj
wkdw wkh ulvn suhplxp rq Lwdo| ehiruh wkh HPV zdv durxqg 7( rq dqqxdo
edvlv1 Lq wkh wklug shulrg/ wkh phdq ri 5￿| lv djdlq srvlwlyh/ dqg lpsuhvvlyho| kljk
lpphgldwho| diwhu Lwdo| zhqw rxw wkh HPV/ exw lv qhjdwlyho| wuhqglqj/ uhdfklqj
}hur lq 4<<81
5<STATIONARY COMPONENT # 1










STATIONARY COMPONENT # 2










STATIONARY COMPONENT # 3





Iljxuh 815= Wkh vwdwlrqdu| frpsrqhqwv
63D1 Dsshqgl{= Pdwkhpdwlfdo Ghwdlov
Wkh whfkqltxhv lq wkh surriv iroorz duh forvho| uhodwhg wr wkrvh suhvhqwhg lq wkh
prqrjudsk e| Mrkdqvhq +4<<9, 0 zklfk zh lq wkh iroorzlqj zloo uhihu wr dv +M,1
Rqh pdmru glhuhqfh lv wkdw wkh prqrjudsk irfxvhv rq prghov/ M,Sc zkhuh wkh
sdudphwhuv iru wkh ghwhuplqlvwlf whupv duh xquhvwulfwhg xqghu wkh udqn k|srwkhvlv/
zkhuhdv khuh wkh irfxv lv rq prghov/ M,c zkhuh wkh ghwhuplqlvwlf frpsrqhqw lv
qrw dhfwhg e| wkh udqn k|srwkhvlv1 Lq wkh iroorzlqj/ prglhg yhuvlrqv ri wkh
wkhruhpv dqg ohppdv ri +M, zloo eh jlyhq dqg glhuhqfhv lq wkh surriv zloo eh
srlqwhg rxw1
D141 Surri ri Wkhruhp 514
Hdfk vxe0vdpsoh fdq eh frqvlghuhg vhsdudwho| ehfdxvh ri wkh frqglwlrqlqj rq wkh
uvw & revhuydwlrqv lq hdfk shulrg1 Wkh uhsuhvhqwdwlrq +517, wkhuhiruh iroorzv iurp
Wkhruhp 715 +M,1 Lw lv d frqvhtxhqfh ri klv surri wkdw wkh vwrfkdvwlf ehkdylrxu ri
w k hs u r f h v vg r h vq r wg h s h q gr qw k hg h w h u p l q l v w l fw h u p vd q g /k h q f h /w k hv w d w l r q d u |
frpsrqhqwv ri +517,/ t￿c|/ duh lghqwlfdoo| glvwulexwhg zlwk }hur h{shfwdwlrq1 Wr qg
wkh uhsuhvhqwdwlrq ri wkh vorsh sdudphwhu ,c￿ dqg wkh lqwhufhsw sdudphwhu qrwh
wkdw wkh surfhvvhv q
￿Ef|  S.|  ,.|| dqg {f|  ,c| kdyh }hur h{shfwdwlrq
wdnlqj h{shfwdwlrqv lq +515, zlwk wkhvh h{suhvvlrqv1 Lq rughu wr rewdlq d prgho


















Wkh h{suhvvlrqv lq wkh Wkhruhp wkhq iroorzv e| qrwlqj wkdw

 E[  URq









D151 Vrph dv|pswrwlf uhvxowv
Wkh dv|pswrwlf surshuwlhv ri wkh uhvlgxdo surgxfw prphqw pdwulfhv duh glvfxvvhg
xqghu wkh k|srwkhvlv M
￿
, Eo e| prgli|lqj wkh Ohppdh 4315 dqg 4316 ri +M,1 Rqh
glhuhqfh lv wkdw khuh dq h{solflw vwxg| ri wkh dv|pswrwlf ehkdylrxu ri wkh surfhvv
f lv dyrlghg1 Ixuwkhu/ wkh ghqlwlrqv ri wkh uhohydqw uhvlgxdov dqg wkh qhfhvvdu|
wudqvirupdwlrq pdwulfhv duh vrphzkdw glhuhqw1
64Wkh vwdwlvwlfdo dqdo|vlv lv edvhg rq fdqrqlfdo fruuhodwlrq dqdo|vlv1 Lw lv lp0
sruwdqw wr qrwh wkdw wkh vdpsoh fdqrqlfdo fruuhodwlrqv duh lqyduldqw zlwk uhvshfw
wr olqhdu wudqvirupdwlrqv ri wkh gdwd/ zkhuhdv wklv surshuw| lv qrw vkduhg e| wkh
fruuhvsrqglqj fdqrqlfdo yhfwruv zklfk duh xvhg iru hvwlpdwlqj wkh frlqwhjudwlqj
yhfwru1
Vlqfh wkh gdwd h{klelw d olqhdu wuhqg dffruglqj wr Wkhruhp 514 lw lv frqyhqlhqw
































































Wkh vtxduhg vdpsoh fdqrqlfdo fruuhodwlrqv/   b￿ bR  f dqg b￿ 'firu
 ' R n ccRn } ri -f dqg -￿ duh wkhq jlyhq dv vroxwlrqv wr wkh hljhqydoxh
sureohp  b7￿￿  7￿f7
3￿
ff 7f￿
  'f 




W k hp d w u l {r iw k ho uvw hljhqyhfwruv lv ghqrwhg 	 q
f
dqg wkh sdudphwhuv qc) duh














D fruuhvsrqglqj dv|pswrwlf uhodwlrq fdq eh hvwdeolvkhg iru wkh sdudphwhuv xvlqj





































Xqghu wkh k|srwkhvlv M
￿
, Eo wkh dv|pswrwlf uhvxowv dovr ghshqgv rq wkh iERo
E^  }j0glphqvlrqdo sdudphwhu k￿
z>Cz1 Li wklv kdv uhgxfhg udqn/ ? vd|/ wkhuh
h{lvw pdwulfhv 1c# ri glphqvlrq iER  o  ?j dqg iE^  }  ?j uhvshfwlyho| dqg
zlwk udqn ? vxfk wkdw q
￿
z,Cz ' 1#￿ dqg k￿
z>Cz ' k￿
z[qz1#￿ Wkxv ghqh






3￿*2 c ￿2 ' ￿1
zklfk duh ruwkrjrqdo li qz lv qrupdolvhg vr wkdw q
￿












zkhuh A kdv ixoo udqn dqg A 'E ￿c 2A￿*2
Wkh dv|pswrwlf uhvxowv duh h{suhvvhg lq whupv ri wzr lqghshqghqw vwdqgdug
Eurzqldq prwlrqv Tc` ri glphqvlrq o dqg ER  o uhvshfwlyho|1 Wkhvh duh







Ohppd D141 Dv|pswrwlf surshuwlhv ri ￿
A-￿ +M/ Ohppd 4315,
Vxssrvh wkh k|srwkhvlv M
￿
, Eo dqg wkh Dvvxpswlrq 4/ duh vdwlvhg1 Ohw I eh wkh
























& $ 8￿ +D17,
Qrwh/ wkdw xqghu wkh k|srwkhvlv M,Eo wkhq C ' U}c?'f c khqfh  ' UR3on}1
Xqghu M,SEo wkhq C 'f / khqfh  uhgxfhv wr wkh pdwulfhv jlyhq lq Wkhruhp 6161










z,.| n R￿ E +D18,
iru A￿3￿ n &	| A￿ Xvlqj wkh lghqwlw| U} ' CC￿ n CzC￿
z dqg wkh ghqlwlrq
q
￿














￿ n R￿ E
Wkh uhvxow wkhq iroorzv e| uhjuhvvlqj rq |C￿.| dqg qrupdolvlqj wklv h{suhvvlrq
dssursuldwho|1 
Iru hdfk shulrgh wkh surfhvvhv {f| dqg q
￿f|3￿ n |)￿C￿.| fdq eh jlyhq vwd0
wlrqdu| lqlwldo glvwulexwlrqv/ vhh Wkhruhp 5141 Dsduw iurp d fkdqjlqj ohyho wkh

















Ohppd D151 Dv|pswrwlf ehkdylrxu ri 7￿￿ +M/ Ohppd 4316,
Vxssrvh wkh k|srwkhvlv M
￿








































































' R￿ Ec +D143,
zkhuh 70￿ ' 7f￿  kq
￿￿'A7￿￿
67Wkh surri ri wkh htxdwlrqv +D1;,0+D143, plplfnv wkdw ri Ohppd 4316 +M,/
zkhuh Ohppd D18 lv xvhg lqvwhdg ri Ohppd 4315 +M,1 Wkh htxdwlrq +D19, iroorzv
e| qrwlqj wkdw iru | 5 .￿c|c wkh uhsuhvhqwdwlrq +517, lpsolhv=





￿ Et￿c| n S.| n |,.|
Wkh glvwulexwlrq ri t￿c| lv wkh vdph lq doo shulrgv1 Frqvhtxhqwo|/ wkh surfhvvhv
q
￿f|3￿ n |)￿C￿.| dqg {f| duh vwdwlrqdu| dqg wkh frqglwlrqdo yduldqfh/ +D19,/ lv








dqg khqfh wkh olplw lq +D19, lv h{suhvvhg lq whupv ri wkh orqj0uxq yduldqfh ri
q
￿f|3￿ n |)￿C￿.| Ilqdoo|/ wkh htxdwlrq +D1:, iroorzv iurp Wkhruhp 4314 +M,1 
D161 Surri ri Wkhruhp 614
W k hs u r r ii r o o r z vw k d wr iW k h r u h p4 4 1 4+ M , 1W k hr q o |g l  h u h q f hl vw k d wO h p p d
D15 zlwk C ' U} lv xvhg lqvwhdg ri Ohppd 4316 +M, dqg wkdw vrph ri wkh qrwdwlrq
lv fkdqjhg1 Wkdw lv/ wkh whupv qc Cc c ` vkrxog eh uhsodfhg zlwk wkh whupv q
￿c
8c `c l￿*2` Qrwh wkdw wkh dujxphqwv ehwzhhq htxdwlrqv +44153,/ +44154, +M, duh
uhgxqgdqw zlwk wkh suhvhqw prgho irupxodwlrq dqg wkdw wkh surri uhtxluhv wkdw
wkh lghqwlw| +D1:, lv vdwlvhg1 
D171 Surri ri Wkhruhp 616
Wkh surri uhvhpeohv wkdw ri Wkhruhp 614 zlwk wkh glhuhqfh wkdw C 'f c vr wkdw
} 'fdqg Cz ' U^1 Wkh dv|pswrwlf wkhru| wkhuhiruh ghshqgv rq wkh udqn ri
k￿
z>Cz ' k￿
z> Lq sduwlfxodu li udqnEk￿
z>'E R  o wkhq wkh ixqfwlrq 8 lv
ghwhuplqlvwlf/ vhh +D17,1 Wkh dv|pswrwlf glvwulexwlrq lv wkhuhiruh 21 
D181 Dv|pswrwlf surshuwlhv ri 	 q xqghu M
￿
, Eo
W k hs u r r ir iW k h r u h p7 1 4x v h vw k hd v | p s w r w l fs u r s h u w l h vr i	 q
f
 Wr glvfxvv wkhvh











68Vlqfh wkh pdwul{ Eq
fc A kdv ixoo udqn dqg ruwkrjrqdo eorfnv/ q
f￿A 'f /l w

























 Prglhg yhuvlrqv ri wkh
uhvxowv ri Ohppd 4614/4615/ Wkhruhp 461; +M, wkhq krog1
Ohppd D161 Dv|pswrwlf ehkdylrxu ri 7￿￿ +M/ Ohppd 4614,
Vxssrvh wkh k|srwkhvlv M
￿
, Eo dqg wkh Dvvxpswlrq 4 duh vdwlvhg1 Wkhq wkh hvwl0
pdwruv xqghu wkh k|srwkhvhv/  q
f
















Wkh surri p l p l f n vw k d wr i+ M , 1 
Ohppd D171 Dv|pswrwlf glvwulexwlrq  q
f
 +M/ Ohppd 4615,
Wkh hvwlpdwru  q
f





























zkhuh I/Q lv jlyhq e| E/E
Wkh surri lv xqdowhuhg1 Qrwh wkdw Ek￿l3￿k￿*2Tk 'E k￿l3￿k3￿*2k￿l3￿` lq +M,
lv ghqrwhg T khuh1 
Lq wkh Ohppd D19 ehorz wkh whvw iru d vlpsoh k|srwkhvlv rq q
￿ lv glvfxvvhg1
Iru wkh surri erwk ri wkh sdudphwhuv q
￿ dqg q
f duh uhihuuhg wr1 Wkxv uhfdoo wkh
deryh ghqlwlrq ri wkh uhvlgxdo surgxfw prphqw pdwulfhv 7￿￿ zkhuh wkh ohyhov
ri wkh surfhvv duh ghwuhqghg1 Fruuhvsrqglqjo| ohw 7
￿
￿￿ eh wkh uhvlgxdo surgxfw


























69Ohppd D181 Ghwuhqglqj ri ohyhov uhvlgxdov1
Vxssrvh wkh k|srwkhvlv M
￿




























f n r￿ E +D145,
Wkh surri1 Wkh lghqwlwlhv +D144, iroorzv iurp wkh hljhqydoxh sureohp ghvfulehg
ehwzhhq htxdwlrqv D14,/+D15,1 Iru +D145, frpelqh wkh dssur{lpdwlrq +D15, dqg
















f frqyhujhv lq suredelolw| wr }hur e| +D15, dqg 7￿f lv ri vwrfkdvwlf
rughu rqh e| +D19, dqg +D143,1 
Ohppd D191 Whvw iru vlpsoh k|srwkhvlv rq q
￿1 +M/ Ohppd 461;,
Wkh olnholkrrg udwlr whvw vwdwlvwlf iru d vlpsoh k|srwkhvlv rq q
￿ djdlqvw wkh k|srwk0






















Wklv yduldeoh kdv d 2ioER  o n }j glvwulexwlrq1
Wkh surri lv voljko| glhuhqw iurp wkdw jlyhq lq +M,1 Iluvw/ dv lq +M, wkh olnholkrrg
ixqfwlrq lv h{sdqghg durxqg q













dqg 7￿￿ zlwkrxw fkdqjlqj
wkh dv|pswrwlf uhvxowv1 Wkh uhpdlqlqj ri wkh dujxphqwv ri +M, wkhq dsso|1 Wkh
ghjuhhv ri iuhhgrp lv jlyhq e| wkh surgxfw ri _4T ' o dqg _4E8'Ron}
D191 Surri ri Wkhruhp 714
Wkh surri iroorzv wkdw ri Wkhruhp 461< +M, xvlqj Ohppd D19 lqvwhdg ri Ohppd

















uhsodfh klv pdwulfhv ￿ dqg ~ Wkh ghjuhhv ri iuhhgrp lv jlyhq e| wkh surgxfw ri
_4T ' o dqg _4Ez8'E ^  } 
6:D1:1 Dv|pswrwlf uhvxowv xqghu wkh k|srwkhvlv M
>
, Eo
Iru wkh dv|pswrwlf dqdo|vlv ri M
>
, Eo wkh dvvxpswlrq C 5vsdq lv lpsruwdqw1
Kdg wklv qrw ehhq vdwlvhg qxlvdqfh sdudphwhuv zrxog dsshdu1 Wkh hdvlhvw h{dp0
soh ri wkdw skhqrphqhq lv vhhq lq d prgho zlwkrxw euhdn/ ^ ' c wzr odjv/ & '2 c
d olqhdu wuhqg iru wkh frlqwhjudwlqj uhodwlrq/ C ' U￿ '  W h v w vr iw k hk | s r w k h v l v
wkdw wkh frpprq wuhqgv vorsh lv devhqw/  'f c ohdgv wr lqihuhqfh exughqhg zlwk
qxlvdqfh sdudphwhuv1
Wkh olnholkrrg udwlr whvw vwdwlvwlf iru M
>
, Eo lq M
￿
, Eo l ve d v h gr qw k hv d p s o h
fdqrqlfdo fruuhodwlrqv jlyhq lq +714,1 Gxh wr wkh lqyduldqfh surshuwlhv ri fdqrqlfdo




























dqg fruuhvsrqglqj vdpsoh surgxfw prphqw pdwulfhv/ 7
>
￿￿ vd|1 Wkh dv|pswrwlf
ehkdylrxu ri 7
>














 ' cc& 
 ' cc^



















































Wkh dv|pswrwlf surshuwlhv ri 7￿￿ duh jlyhq lq Ohppd D15/ zkhuhdv r￿￿ kdv wkh
iroorzlqj surshuwlhv=
Ohppd D1:1 Dv|pswrwlfv iru r￿￿
Vxssrvh wkh k|srwkhvlv M
>
, Eo dqg wkh Dvvxpswlrq 4 duh vdwlvhg1 Ixuwkhu/ dv0










































Lw wkhq iroorzv wkdw 7
>
ff





































> lv wkh iERn}n^6oj0pdwul{ Eq
￿cf￿ Qrwh/ wkdw zkhq C* 5vsdq
dqg wkh vorsh sdudphwhu vdwlvhv ,z 9'fwkhq rf￿ 'R￿ E dqg wkh olplw lq
ES lqyroyhv qxlvdqfh sdudphwhuv1
















Lq rughu wr xvh wkrvh uhvxowv wkh glhuhqfhg surfhvv qhhg wr eh dqdo|vhg fduhixoo|1
Wkh Wkhruhp 514 dqg M
>
, lpso| wkh uhsuhvhqwdwlrq
{f| ' 0| n{ t|.| n ,.|c
zkhuh
, ' l
￿ nE [  URq)
￿C
￿
Li C 5vsdq wkhq C￿z 'fdqg , ' w￿ iru vrph sdudphwhu w Lw iroorzv
wkdw wkh uhvlgxdov ri {f| fruuhfwhg iru ￿.| htxdo wkh uhvlgxdov ri wkh }hur phdq




Iru wkh dv|pswrwlf dqdo|vlv ri r￿￿ wkh uhjuhvvlrq rq odjjhg glhuhqfhv fdq eh













￿ n r￿ E +D14<,
6<Iru dv|pswrwlf sxusrvhv dovr wkh uhjuhvvlrq rq wkh gxpplhv fdq eh ljqruhg dqg







￿.|c0 |3￿ n{ t|3￿.|3￿c( ￿c|3￿
￿  +D153,








￿.|c0 |3￿ n{ t|3￿.|3￿c( ￿c|3￿

















￿ n r￿ Ec +D154,
dqg wklv ohdgv wr +D148,1 Iru wkh frqyhujhqfh +D149, qrwh wkdw zkhq r￿f lv ri
rughu A3￿*2 zkloh 7ffcr ￿￿ d u hr ir u g h ur q hw k h q7
>


















































zklfk e| +D19,0+D1:, lv htxlydohqw wr kzEk￿
zlkz3￿k￿
z
Lq wkh jhqhudo fdvh/ zkhq ,￿
z 9'fdqg khqfh C* 5vsdq dqg q
￿,￿
z 9'
fc wkhq +D14;, dqg +D153, idlo dqg r￿f lv ri rughu rqh1 Lq sduwlfxodu q
￿rf￿ '
q
￿,r￿￿nr￿E/ zklfk lv ri rughu rqh1 
D1;1 Surri ri Wkhruhp 715
Wkh fdvh C 5vsdq Wkh surri iroorzv lq wzr vwhsv1 Iluvw lw lv hvwdeolvkhg wkdw
wkh olnholkrrg udwlr whvw vwdwlvwlf iru M
>
, Eo djdlqvw M
>






































Qh{w/ plplfnlqj wkh surri Fruroodu| 4415 +M, lw lv dujxhg wkdw wkh olnholkrrg udwlr
whvw vwdwlvwlf iru M
>
, Eo djdlqvw M
￿
















Lw wkhq iroorzv wkdw wkh whvw lv dv|pswrwlfdoo| 2 zlwk glp` 'E R  o wlphv
glps 'E ^  6 g h j u h h vr ii u h h g r p 1
Wkh fdvh C* 5vsdqLq jhqhudo/ wkh uhvxow +D149, idlov dqg wkh deryh dujxphqw
grhv qrw krog1 Lw iroorzv wkdw qxlvdqfh sdudphwhuv duh lqyroyhg lq wkh dv|pswrwlf
glvwulexwlrq1 
74E1 Uhihuhqfhv
Dqghuvrq/ W1Z1/ 4<841 Hvwlpdwlqj olqhdu uhvwulfwlrqv rq uhjuhvvlrq frh!flhqwv
iru pxowlyduldwh qrupdo glvwulexwlrqv1 Dqqdov ri Pdwkhpdwlfdo Vwdwlvwlfv 55/
65:06841
Eduwohww/ P1 V1/ 4<6;1 Ixuwkhu dvshfwv ri wkh wkhru| ri pxowlsoh uhjuhvvlrq1 Sur0
fhhglqjv ri wkh Fdpeulgjh Sklorvrsklfdo Vrflhw| 67/ 660731
Fohphqwv/ P1S1/ dqg Khqgu|/ G1I1/ 4<<<1 Iruhfdvwlqj qrq0vwdwlrqdu| hfrqrplf
wlph vhulhv1 PLW suhvv/ Fdpeulgjh PD1
Grruqln/ M1D/ 4<<;1 Dssur{lpdwlrqv wr wkh dv|pswrwlf glvwulexwlrq ri frlqwh0
judwlrq whvwv1 Mrxuqdo ri Hfrqrplf Vxuyh|v 45/ 8:608<61
Grruqln/ M1D1/ dqg Khqgu|/ G1I1/ 4<<71 Prghoolqj olqhdu g|qdplf hfrqrphwulf
v|vwhpv1 Vfrwwlvk Mrxuqdo ri Srolwlfdo Hfrqrp| 74/ 40661
Grruqln/ M1D1/ Khqgu|/ G1I1 dqg Qlhovhq/ E1/ 4<<;1 Lqihuhqfh lq frlqwhjudwlqj
prghov= XN P4 uhylvlwhg1 Mrxuqdo ri Hfrqrplf Vxuyh|v 45/ 86608:51
Kdqvhq/ K1 dqg Mrkdqvhq/ V1/ 4<<<1 Vrph whvwv iru sdudphwhu frqvwdqf| lq
frlqwhjudwhg YDU prghov1 Wr dsshdu lq Hfrqrphwulfv Mrxuqdo1
Khqgu|/ G1I1/ 4<<:1 Wkh hfrqrphwulfv ri pdfurhfrqrplf iruhfdvwlqj1 Hfrqrplf
Mrxuqdo 43:/ 46630468:1
Krwhoolqj/ K1/ 4<691 Uhodwlrqv ehwzhhq wzr vhwv ri yduldwhv1 Elrphwulnd 5;/
6540::1
Lqrxh/ D1/ 4<<<1 Whvwv ri frlqwhjudwlqj udqn zlwk d wuhqg0euhdn1 Mrxuqdo ri
Hfrqrphwulfv <3/ 548056:1
Mrkdqvhq/ V1/ 4<;;1 Vwdwlvwlfdo dqdo|vlv ri frlqwhjudwlrq yhfwruv1 Mrxuqdo ri
Hfrqrplf G|qdplfv dqg Frqwuro 45/ 56405871
Mrkdqvhq/ V1/ 4<<91 Olnholkrrg0edvhg lqihuhqfh lq frlqwhjudwhg yhfwru dxwruhjuhv0
vlyh prghov1 5qg sulqwlqj1 R{irug Xqlyhuvlw| Suhvv1
Nxr/ E1/ 4<<;1 Whvw iru sduwldo sdudphwhuv vwdelolw| lq uhjuhvvlrqv zlwk L+4,
surfhvvhv1 Mrxuqdo ri Hfrqrphwulfv ;9/ 66:069;1
75Prvfrql/ U1/ 4<<;1 PDOFROP= Wkh wkhru| ri sudfwlfh ri frlqwhjudwlrq dqdo|vlv
lq UDWV1 Yhqlfh= Fd* Irvfdulqd1
Qlhovhq/ E1/ 4<<:1 Eduwohww fruuhfwlrq ri wkh xqlw urrw whvw lq dxwruhjuhvvlyh
prghov1 Elrphwulnd ;7/ 83308371
Qlhovhq/ E1/ dqg Udkehn/ D1/ 53331 Vlplodulw| lvvxhv lq frlqwhjudwlrq prghov1 Wr
dsshdu lq R{irug Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv 951
Shuurq/ S1/ 4<;<1 Wkh juhdw fudvk/ wkh rlo sulfh vkrfn/ dqg wkh xqlw urrw k|0
srwkhvlv1 Hfrqrphwulfd 8:/ 4694047341 Huudwxp/ 4<<6/ Hfrqrphwulfd 94/
57;057<1
Shuurq/ S1/ 4<<31 Whvwlqj iru d xqlw urrw lq d wlph vhulhv zlwk d fkdqjlqj phdq1
Mrxuqdo ri Exvlqhvv ) Hfrqrplf Vwdwlvwlfv ;/ 48604951 Fruuhfwlrqv dqg
H{whqvlrqv e| Shuurq/ S1/ dqg Yrjhovdqj/ W1/ 4<<5/ Mrxuqdo ri Exvlqhvv )
Hfrqrplf Vwdwlvwlfv 43/ 79:07:31
Udssrsruw/ S1/ dqg Uhlfkolq/ O1/ 4<;<1 Vhjphqwhg wuhqgv dqg qrq0vwdwlrqdu|
wlph vhulhv1 Hfrqrplf Mrxuqdo << vxssohphqw/ 49;04::1
Vhr/ E1/ 4<<;1 Whvwv iru vwuxfwxudo fkdqjh lq frlqwhjudwhg v|vwhpv1 Hfrqrphwulf
Wkhru| 47/ 555058<
76